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Abstract

Let A be a general expansive matrix and let X be a ball quasi-Banach function
space on R”, whose certain power (namely its convexification) supports a Fefferman—
Stein vector-valued maximal inequality and the associate space of whose other power
supports the boundedness of the powered Hardy—Littlewood maximal operator. The
authors first introduce some anisotropic ball Campanato-type function spaces asso-
ciated with both A and X, prove that these spaces are dual spaces of anisotropic
Hardy spaces H )’} (R™) associated with both A and X, and obtain various anisotropic
Littlewood—Paley function characterizations of H )’? (R™). Also, as applications, the
authors establish several equivalent characterizations of anisotropic ball Campanato-
type function spaces, which, combined with the atomic decomposition of tent spaces
associated with both A and X, further induce their Carleson measure characterization.
All these results have a wide range of generality and, particularly, even when they are
applied to Morrey spaces and Orlicz-slice spaces, some of the obtained results are also
new. The novelties of this article are reflected in that, to overcome the essential difficul-
ties caused by the absence of both an explicit expression and the absolute continuity of
the quasi-norm || - || x under consideration, the authors embed X under consideration
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into the anisotropic weighted Lebesgue space with certain special weight and then
fully use the known results of this weighted Lebesgue space.

Keywords Expansive matrix - Ball quasi-Banach function space - Hardy space -
Campanato-type function space - Duality - Littlewood—Paley function - Carleson
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1 Introduction

Recall that the dual theory of classical Hardy spaces on the Euclidean space R" plays
an important role in many branches of analysis, such as harmonic analysis and partial
differential equations, and has been systematically considered and developed so far;
see, for instance, [29, 67]. Indeed, in 1969, Duren et al. [27] first identified the Lipshitz
space with the dual space of the Hardy space H? (D) of holomorphic functions, where
p € (0, 1) and the symbol D denotes the unit disc of C. Later, Walsh [81] further
extended this dual result to the Hardy space on the upper half-plane R’f‘l = R" x
(0, 00). On the real Hardy spaces, the famous dual theorem, that is, the space BMO(R")
of functions with bounded mean oscillation is the dual space of the Hardy space
H! (R™), is due to Fefferman and Stein [29]. Moreover, it is worth pointing out that
the complete dual theory of the Hardy space H”(R") with p € (0, 1] was given
by Taibleson and Weiss [75], in which the dual space of H”(R") proves the special
Campanato space introduced by Campanato [15].

Recently, Sawano et al. [69] originally introduced the ball quasi-Banach function
space X which further generalizes the Banach function space in [3] in order to include
weighted Lebesgue spaces, Morrey spaces, mixed-norm Lebesgue spaces, Orlicz-slice
spaces, and Musielak—Orlicz spaces. Observe that the aforementioned several function
spaces are not quasi-Banach function spaces which were originally introduced in
[3, Definitions 1.1 and 1.3]; see, for instance, [69, 72, 83, 90]. In the same article
[69], Sawano et al. also introduced the Hardy space Hy (R™), associated with X,
and established its various maximal function characterizations by assuming that the
Hardy—Littlewood maximal operator is bounded on the p-convexification of X, as
well as its several other real-variable characterizations, respectively, in terms of atoms,
molecules, and Lusin area functions by assuming that the Hardy—Littlewood maximal
operator satisfies a Fefferman—Stein vector-valued inequality on certain power (namely
its convexification) of X and the powered Hardy-Littlewood maximal operator is
bounded on the associate space of certain power of X.

Later, Wang et al. [82] further established the Littlewood—Paley g-function and the
Littlewood—Paley g}-function characterizations of both Hy (R") and its local version
hx(R™) and obtained the boundedness of Calder6n—Zygmund operators and pseudo-
differential operators, respectively, on Hy (R") and 2 x (R"); Yan et al. [§7] established
the dual theorem and the intrinsic square function characterizations of Hy (R"); Zhang
et al. [89] introduced some new ball Campanato-type function space which proves the
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dual space of Hy(R") and established its Carleson measure characterization. Very
recently, on spaces X of homogeneous type, Yan et al. [85, 86] introduced ball quasi-
Banach function spaces Y (X)) and Hardy-type spaces Hy (X'), associated with Y (X),
and developed a complete real-variable theory of Hy (X"). For more studies about ball
quasi-Banach function spaces, we refer the reader to [16, 43, 44, 68, 74, 77, 88].

On the other hand, starting from 1970s, there has been an increasing interesting in
extending classical function spaces arising in harmonic analysis from R” to various
anisotropic settings and some other underlying spaces; see, for instance, [21, 31-33,
35,65,73,76,78, 79]. The study of function spaces on R” associated with anisotropic
dilations was originally started from the celebrated articles [12-14] of Calder6n and
Torchinsky on anisotropic Hardy spaces. In 2003, Bownik [4] introduced and inves-
tigated the anisotropic Hardy space H f (R™) with p € (0, 00), where A is a general
expansive matrix on R”. Since then, various variants of classical Hardy spaces over the
anisotropic Euclidean space have been introduced and their real-variable theories have
been systematically developed. To be precise, Bownik et al. [7] further extended the
anisotropic Hardy space to the weighted setting. Li et al. [50] introduced the anisotropic
Musielak—Orlicz Hardy space HX (R™), where ¢ is an anisotropic Musielak—Orlicz
function, and characterized Hff (R™) by several maximal functions and atoms. Liu
et al. [62, 64] first introduced the anisotropic Hardy—Lorentz space H f\) 4 (R™), with
p € (0,1] and g € (0, oo], and established their several real-variable characteriza-
tions, respectively, in terms of atoms or finite atoms, molecules, maximal functions,
and Littlewood—Paley functions, which are further applied to obtain the real interpo-
lation theorem of H /’; “(R™) and the boundedness of anisotropic Calderén-Zygmund
operators on H X 4(R™) including the critical case. Liu et al. [56, 60] and Huang et al.
[39] further generalized the corresponding results in [62, 64] to variable Hardy spaces
and mixed-norm Hardy spaces, respectively. Recently, Liuetal. [61, 63] introduced the
anisotropic variable Hardy—Lorentz space H 4Ry, where p(-) : R — (0, 00]
is a variable exponent function satisfying the globally log-Hé6lder continuous condi-
tion and g € (0, oc], and developed a complete real-variable theory of these spaces
including various equivalent characterizations and the boundedness of sublinear oper-
ators. Independently, Almeida et al. [1] also investigated the anisotropic variable
Hardy—Lorentz space H?)-4)(R", A), where p(-) and ¢(-) are nonnegative mea-
surable functions on (0, 00). In [1], equivalent characterizations of HP()40)(R" A)
in terms of maximal functions and atoms were established. It is remarkable that the
anisotropic variable Hardy—Lorentz space H PO4O(R™ | A) in [1] and that in [61, 63]
can not cover each other because the variable exponent p(-) in [1] is only defined
on (0, 00), instead of R". Particularly, Huang et al. [40, 41] further enriched the
real-variable theory of anisotropic mixed-norm Campanato spaces and anisotropic
variable Campanato spaces and established the dual theory of both anisotropic Hardy
spaces H g (R") and H /{; © (R™) with the full ranges of both p and p(-). For more stud-
ies about function spaces on the anisotropic Euclidean space, we refer the reader to
[5, 8,19, 20,47, 48, 51].

Recall that the anisotropic Hardy space H )? (R™) associated with both A and X was
first introduced and studied by Wang et al. [84], in which they characterized H ? R™)
in terms of maximal functions, atoms, finite atoms, and molecules and obtained the
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boundedness of the anisotropic Calderén—Zygmund operators on H )’? (R™). Motivated
by this and [89], a quite natural question arises: can we prove whether or not the
dual space of H )? (R™) is the anisotropic ball Campanato-type function space and
characterize this space by the Carleson measure? The main target of this article is
to give an affirmative answer to this question. Indeed, to answer this question and
also to enrich the real-variable theory of anisotropic Campanato spaces associated
with both A and X, in this article, by borrowing some ideas from [89], namely con-
sidering finite linear combinations of atoms as a whole instead of a single atom, we
introduce the anisotropic ball Campanato-type function space and give some applica-
tions. Using this and the additional assumptions that the Hardy—Littlewood maximal
operator satisfies some Fefferman—Stein vector-valued inequality on certain power of
X and the powered Hardy-Littlewood maximal operator is bounded on the associate
space of certain power of X, we get rid of the dependence on the concavity of || - || x
and prove that the dual space of H )? (R") is just the anisotropic ball Campanato-type
function space. From this, we further deduce several equivalent characterizations of
anisotropic ball Campanato-type function spaces. Moreover, via embedding X into a
certain anisotropic weighted Lebesgue space, we overcome the difficulty caused by the
absence of both an explicit expression and the absolute continuity of the quasi-norm
|| - | x under consideration and establish the anisotropic Littlewood—Paley characteri-
zations of H }‘? (R™), which, together with the dual theorem of H }‘? (R™) and the atomic
decomposition of anisotropic tent spaces associated with X, finally imply the Carleson
measure characterization of anisotropic ball Campanato-type function spaces.

It is remarkable that the results obtained in this article have a wide range of gener-
ality because ball quasi-Banach function spaces include so many important function
spaces. Particularly, when X becomes the Morrey space, the Littlewood—Paley func-
tion characterizations of anisotropic Hardy—Morrey spaces are new while the dual
theorem and the Carleson measure characterization are not applicable because Mor-
rey spaces do not have any absolutely continuous quasi-norm; when X becomes the
Orlicz-slice space, the obtained results are completely new; when X becomes the
weighted Lebesgue space or the Orlicz space, the dual theorem and the Carleson mea-
sure characterization are new while the Littlewood—Paley function characterizations
of anisotropic Hardy-type spaces were obtained in [49]; when X becomes the Lorentz
space, the variable Lebesgue space, or the mixed-norm Lebesgue space, the obtained
results coincide with those in [39-41, 59, 60, 64]. Obviously, due to the flexibility and
the operability, more applications of these results obtained in this article to newfound
function spaces are completely possible.

The remainder of this article is organized as follows.

In Sect.2, we recall some notation and concepts which are used throughout this
article. More precisely, we first recall the definitions of the expansive matrix A, the
step homogeneous quasi-norm p, and the ball quasi-Banach function space X. Then we
make some mild assumptions on the boundedness of the (powered) Hardy-Littlewood
maximal operator on both certain power of X and its associate space, which are needed
throughout this article. Finally, we recall the concept of the non-tangential (grand)
maximal function.

The aim of Sect.3 is to give the dual space of the anisotropic Hardy space
H f{‘ (R™) (see Theorem 3.15 below). To this end, we first introduce the anisotropic
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ball Campanato-type function space E’;}’ a.dos (R™) (see Definition 3.3 below) and give

an equivalent quasi-norm characterization of E‘; 0.d.s (R™) (see Proposition 3.5 below).
Using these, both the known atomic and the known finite atomic characterizations of
H ,’? (R™), and the assumptions that the Hardy—Littlewood maximal operator satisfies
some Fefferman—Stein vector-valued inequality on certain power of X and the pow-
ered Hardy-Littlewood maximal operator is bounded on the associate space of certain
power of X, we prove that the dual space of H)? (R™) is just ‘C’I;},q’,dﬂo (R™). At the end

of this section, we also give its invariance of E‘; a.d.s (R™) on different indices ¢ and
d; see Corollary 3.16 below.

In Sect. 4, applying the dual result obtained in Theorem 3.15 and a key estimate (see
Lemma 4.2 below), we obtain several equivalent characterizations of £4 X.q.d.60 (R™)
(see Theorems 4.1 and 4.3 below) which are further applied to establish the Carleson
measure characterization of £4 X.1.d.00 (R™) in Sect. 6.

Section 5 is devoted to establishing the anisotropic Littlewood—Paley function
characterization of H }?‘ (R™), including the anisotropic Lusin area function, the
anisotropic Littlewood—Paley g-function, and the anisotropic Littlewood—Paley g;-
function, respectively, in Theorems 5.4, 5.5, and 5.6 below. We first prove Theorem 5.4.
To this end, we first show that the quasi-norms in X of the anisotropic Lusin area func-
tions defined by different Schwartz functions are equivalent (see Theorem 5.7 below).
Then, via borrowing some ideas from [64] and the anisotropic Calder6n reproducing
formula (see Lemma 5.2 below), we complete the proof of Theorem 5.4. From this
and an approach initiated by Ullrich [80] and further developed by Liang et al. [55]
and Liu et al. [61], together with Fefferman—Stein vector-valued inequality on certain
power of X, we obtain the anisotropic Littlewood—Paley g-function and the anisotropic
Littlewood—Paley g} -function characterizations.

In Sect. 6, we establish the Carleson measure characterization of E‘;}’ 1.d 6 (R™) (see
Theorem 6.3 below). Indeed, via using Theorems 3.15, 4.1, and 5.4, as well as the
atomic decomposition of anisotropic tent spaces associated with X (see Lemma 6.7
below), we show that a measurable function / belongs to E?(,l, 4.0 (R™) if and only
if i generates an X—Carleson measure d . Moreover, the norm of the X—Carleson
measure dy is equivalent to the ‘C;\(,l, 4.6 (R™)-norm of A.

In Sect.7, we apply all the main results obtained in the above sections to sev-
eral specific ball quasi-Banach function spaces. Particularly, the results about Morrey
spaces and Orlicz-slice spaces are completely new and stated, respectively, in Sects. 7.1
and 7.2; part of the results about weighted Lebesgue spaces and Orlicz spaces obtained
in this article are new and stated, respectively, in Sects. 7.6 and 7.7; the results about
Lorentz spaces, variable Lebesgue spaces, and mixed-norm Lebesgue spaces coincide
with the known ones, which are successively stated in Sects. 7.3, 7.4, and 7.5.

At the end of this section, we make some conventions on notation. Let N :=
{1,2,...},Zy :== NU{0},Z, := (Z4)",and O be the origin of R". For any multi-index

=(a1,...,ay) € Z and any x = (x1,...,x,) € R let |a| := a1 + - + ap,
Y = (aix])o‘l e (%ﬂ)“n, and x* := x{"' -+ - x,". We denote by C a positive constant
which is independent of the main parameters, but may vary from line to line. We use
C(a,...) to denote a positive constant depending on the indicated parameters c, .. ..
The symbol f < g means f < Cg. If f < gand g < f, we then write f ~ g. If
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f <Cgandg = horg < h,wethenwrite f < g =hor f < g < h. For any
q € [1, 00], we denote by ¢’ its conjugate index, that is, 1/q + 1/q’ = 1. For any
x € R", we denote by |x| the n-dimensional Euclidean metric of x. If E is a subset
of R", we denote by 1g its characteristic function and by E C the set R"\ E. For any
r € (0,0) and x € R", we denote by B(x, r) the ball centered at x with the radius
r,thatis, B(x,r) := {y € R" : |x — y| < r}. For any ball B, we use xp to denote
its center and rp its radius, and denote by AB for any A € (0, oo) the ball concentric
with B having the radius Arg. We also use € — 07 to denote € € (0, c0) and € — 0.
Let X and Y be two normed vector spaces, respectively, with the norm || - ||x and the
norm || - ||y; then we use X < Y todenote X C Y and there exists a positive constant
C such that, forany f € X, || f|ly < C| f|lx. For any measurable function f on R"
and any measurable set £ C R” with |E| € (0, 00), let

1
dx .= — dx.
]ifm x |E|/Ef<x) x

At last, when we prove a theorem or the like, we always use the same symbols in the
wanted proved theorem or the like.

2 Preliminaries

In this section, we first recall some notation and concepts on dilations (see, for instance
[4, 36]) as well as ball quasi-Banach function spaces (see, for instance, [69, 82, 83,
87, 90]). We begin with recalling the concept of the expansive matrix from [4].

Definition 2.1 A real n x n matrix A is called an expansive matrix (shortly, a dilation)
if

min |A] > 1,
A€o (A)

here and thereafter, o (A) denotes the set of all eigenvalues of A.

Let A := (a;,j)1<i, j<n be a dilation. Then let
b:=|detA|, 2.1

where det A denotes the determinant of A, and define the matrix norm || A|| by setting
1/2

n
A= D laijP |- 22)

ij=1

Then it follows from [4, p. 6, (2.7)] that b € (1, 00). By the fact that there exists an open
and symmetry ellipsoid A, with |[A| = 1,andanr € (1, o0) suchthat A C rA C AA
(see [4, p.5, Lemma 2.2]), we find that, for any k € Z,

By := A*A (2.3)
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is open, By C rBy C By, and |Bi| = b*. For any x € R" and k € Z, the ellipsoid
x + By is called a dilated ball. In what follows, we always let B be the set of all such
dilated balls, that is,

B:={x+By: xeR" kelZ} 2.4)

and let
t::inf{leZ: rlzz]. 2.5)

Let A_, A4 € (0, 0o) satisfy that
I <A <min{|A] : A € 0(A)} <max{|A|: L €0 (A)} < Ay. (2.6)
We point out that, if A is diagonalizable over R, then we may let
A :=min{|A|: A € 0(A)}and A4 ;= max{|A]|: A € 0 (A)}.

Otherwise, we may choose them sufficiently close to these equalities in accordance
with what we need in our arguments.

The following definition of the homogeneous quasi-norm is just [4, p. 6, Definition
2.3].

Definition 2.2 A homogeneous quasi-norm, associated with a dilation A, is a measur-
able mapping ¢ : R" — [0, co) such that

(1) o(x) =0 <= x = 0, where 0 denotes the origin of R";
(i) o(Ax) = bo(x) for any x € R";
(iii) there exists an Ag € [1, oo) such that, for any x, y € R”,

o(x+y) < Aolo(x) +o(y)].

In the standard Euclidean space case, let A := 2 I, and, for any x € R", o(x) :=
|x]"*. Then g is an example of homogeneous quasi-norms associated with A on R”.
Here and thereafter, I, «, always denotes the n x n unit matrix and | - | the Euclidean
norm in R”.

For a fixed dilation A, by [4, p.6, Lemma 2.4], we define the following quasi-norm
which is used throughout this article.

Definition 2.3 Define the step homogeneous quasi-norm p on R", associated with the
dilation A, by setting

@) ¢ ifxe Bi+1 \ Bk,
X) =
P 0 ifx=0,

where b is the same as in (2.1) and, for any k € Z, By the same as in (2.3).

Then (R", p, dx) is a space of homogeneous type in the sense of Coifman and
Weiss [23], where dx denotes the n-dimensional Lebesgue measure. For more studies
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on the real-variable theory of function spaces over spaces of homogeneous type, we
refer the reader to [9-11, 52-54].

Throughout this article, we always let A be a dilation in Definition 2.1, b the same as
in (2.1), p the step homogeneous quasi-norm in Definition 2.3, 3 the set of all dilated
balls in (2.4), . (R") the set of all measurable functions on R", and By for any k € Z
the same as in (2.3). Now, we recall the definition of ball quasi-norm Banach function
spaces (see [69]).

Definition 2.4 A quasi-normed linear space X C .#Z(R"), equipped with a quasi-
norm | - || which makes sense for the whole .#Z (R"), is called a ball quasi-Banach
function space if it satisfies

(i) forany f € #Z(R"), || f|lx = 0 implies that f = 0 almost everywhere;
(ii) forany f, g € 4 (R"),|g| < |f|almosteverywhere impliesthat ||gllx < || flx;
(iii) for any {fi}meny C A (R") and f € .#(R"),0 < f, + f as m — oo almost
everywhere implies that || f;,;[|x 1 | fllx asm — oo;
(iv) 1p € X for any dilated ball B € B.

Moreover, a ball quasi-Banach function space X is called a ball Banach function
space if it satisfies:

(v) forany f,g € X, [If +gllx = [fllx + llgllx;
(vi) for any given dilated ball B € B, there exists a positive constant C(p) such that,
forany f € X,

/B [fC)ldx < Cll fllx.

Remark 2.5 (i) As was mentioned in [84, Remark 2.5(1)], if f € .#(R"), then
Ifllx = 0if and only if f = 0 almost everywhere; if f,g € .#Z(R") and
f = g almost everywhere, then || f|lx ~ [lgllx with the positive equivalence
constants independent of both f and g.
(i) As was mentioned in [84, Remark 2.5(ii)], if we replace any dilated ball B € B
in Definition 2.4 by any bounded measurable set E or by any ball B(x, r) with
x € R"and r € (0, 00), we obtain its another equivalent formulation.
(iii) By [26, Theorem 2], we find that both (ii) and (iii) of Definition 2.4 imply that
any ball quasi-Banach function space is complete.

Now, we recall the concepts of the p-convexification and the concavity of ball
quasi-Banach function spaces, which is a part of [69, Definition 2.6].

Definition 2.6 Let X be a ball quasi-Banach function space and p € (0, 00).

(1) The p-convexification XP of X is defined by setting
X7 :={fe///(R”): |f|”eX}

equipped with the quasi-norm || f||x» := |||f|1’||§/p forany f € X7.
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(i) The space X is said to be concave if there exists a positive constant C such that,
for any { filkenw C A (R"),

o0
dlifilx =€
k=1

> Ik
k=1

X
In particular, when C = 1, X is said to be strictly concave.

The associate space X’ of any given ball Banach function space X is defined as
follows; see [3, Chapter 1, Sect. 2] or [69, p.9].

Definition 2.7 For any given ball Banach function space X, its associate space (also
called the Kothe dual space) X' is defined by setting

X =1fed®R): |Ifllx:= sup |felpgn <oog,
g€X, liglx=1
where || - || x- is called the associate norm of || - || x.

Remark 2.8 From [69, Proposition 2.3], we deduce that, if X is a ball Banach function
space, then its associate space X' is also a ball Banach function space.

Next, we recall the concept of absolutely continuous quasi-norms of X as follows
(see [82, Definition 3.2] for the classical Euclidean space case and [85, Definition 6.1]
for the case of spaces of homogeneous type).

Definition 2.9 Let X be a ball quasi-Banach function space. A function f € X is
said to have an absolutely continuous quasi-norm in X if || f1g;[x | O whenever
{E j}?il is a sequence of measurable sets satisfying £; D E;y; forany j € N and
ﬂ?"zl E; = ). Moreover, X is said to have an absolutely continuous quasi-norm if,
for any f € X, f has an absolutely continuous quasi-norm in X.

Now, we recall the concept of the Hardy-Littlewood maximal operator. Let
LIIOC(R") denote the set of all locally integrable functions on R". Recall that the
Hardy-Littlewood maximal operator M(f) of f € LI]OC(R") is defined by setting,
for any x € R",

M(f)(x) := sup sup ][ |f(z)ldz = sup ][lf(Z)ldz,
y+ By BJB

k€Z yex+By xeBe

where B is the same as in (2.4) and the last supremum is taken over all balls B € B.
For any given « € (0, 00), the powered Hardy—Littlewood maximal operator M@ is
defined by setting, for any f € L! (R") and x € R",

loc

Q=

MO = {M(1F1) ).
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Throughout this article, we also need the following two fundamental assumptions

1
about the boundedness of M on the L-convexification X7 of the given ball quasi-
Banach function space X and the boundedness of a certain powered Hardy—Littlewood
maximal operator on the associate space of the %-convexiﬁcation of X.

Assumption 2.10 Let X be a ball quasi-Banach function space. Assume that there
exists a p_ € (0, oo) such that, for any p € (0, p_) and u € (1, 00), there exists a
positive constant C, depending on both p and u, such that, for any { f;}72 | C .# (R"),

u

{Z[M(fk)]“} <C {Dm“}
k=1 k=1

1 1
Xxr Xr

Remark 2.11 Let X be a ball-Banach function space. Suppose that M is bounded on
both X and X'. By an argument similar to that used in the proof of [24, Theorem 4.10],
we find that M satisfies Assumption 2.10 with p_ = 1.

In what follows, for any given p_ € (0, 00), we always let

p=min{p_, 1}. 2.7

Assumption 2.12 Let p_ € (0, 00) and X be a ball quasi-Banach function space.
Assume that there exists a6y € (0, 2), WithBthe same as in (2.7), and a pg € (6p, 00)

such that X!/% is a ball Banach function space and, for any f e (X!/%y,

HM«po/eo) '(f) ” ety = Cl Moy

. s . 1 1 _
where C is a positive constant, independent of f, and w0/% T oy = I.
Next, recall that a Schwartz function is a function ¢ € C°°(R") satisfying that, for

any k € Z, and any multi-index o € Z" ,

I@llak == sup [p() 8% (x)| < oo.
xeRn

Denote by S(R") the set of all Schwartz functions, equipped with the topology deter-
mined by {]| - ||a,k}a621,kez+- Then S’ (R") is defined to be the dual space of S(R"),
equipped with the weak- topology. For any N € Z_, let

Sv@R") :={p € S®") : |l¢llok < 1,la| <N,k < N},
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equivalently,

(NS SN(Rn) <~

l@llsyn = sup sup max{l, [p(x)]"}|8%(x)| < L.
|o|<N xeR®

In what follows, for any ¢ € S(R") and k € Z, let ¢ (-) := b ¥p(A7F.).

Definition 2.13 Letgp € S(R")and f € S'(R"). The non-tangential maximal function
M (f) with respect to ¢ is defined by setting, for any x € R",

My(f)(x):==  sup |f*x@(y)l.
keZ, yex+By

Moreover, for any given N € N, the non-tangential grand maximal function My (f)
is defined by setting, for any x € R",

My (f)(x) = sup My(f)(x). (2.8)
peSn ([R")

3 Duality between H{(R") and [’ﬁ,q',d,eo R™)

In this section, we provide a description of the dual space of the anisotropic Hardy
space H )? (R™) associated with ball quasi-Banach function space X. This description
is a consequence of the definition of the anisotropic ball Campanato-type function
space, the atomic and the finite atomic characterizations of H ? (R™) from [84], as
well as some basic tools from functional analysis. To state the dual theorem, we first
present the definition of H )’? (R™) from [84] as follows. In what follows, for any « € R,
we denote by |« ] the largest integer not greater than «.

Definition 3.1 Let A be a dilation and X a ball quasi-Banach function space satisfying

both Assumption 2.10 with p_ € (0, o) and Assumption 2.12 with the same p_,
6o € (0, ﬁ)’ and pg € (6p, 00), where )4 is the same as in (2.7). Assume that

Nenn|| (L 1) P 2 31
[ (& 1) i) 2 ) @

The anisotropic Hardy space H )‘? ~(R™), associated with both A and X, is defined by
setting

H{ y@®Y) = {f e S®R") : [My(f)llx < 00},

where My (f) is the same as in (2.8). Moreover, for any f € H )?, v (R™), let

1z ey = 1My (Pl -
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Let A be a dilation and X the same as in Definition 3.1. In the remainder of this
article, we always let
Ny ao= (L -1) 2|4, (3.2)
A4=1\4 InG_) : '

Remark 3.2 (i) As was mentioned in [84, Remark 2.17(i)], the space H)‘?’ y(@R") is
independent of the choice of N aslongas N € NN [Ny, 4, co). In what follows,
when N € NN [Ny, 4, 00), we write H;(‘y v (R™) simply by H?(R").

(i) We point out that, if A := 2 [;,,, then H;(‘ (R™) coincides with Hx (R") which
was introduced by Sawano et al. in [69].

In what follows, for any d € Z,, P;(R") denotes the set of all the polynomials
on R” with degree not greater than d; for any ball B € B and any locally integrable
function g on R”, we use Pg g to denote the minimizing polynomial of g with degree
not greater than d, which means that Pg g is the unique polynomial f € P;z(R") such
that, for any 7 € Py (R"),

/B[g(X) — f)]h(x)dx = 0.

Next, we introduce the anisotropic ball Campanato-type function space associated
with the ball quasi-Banach function space. In what follows, we use L?OC (R™) to denote
the set of all q-order locally integrable functions on R”".

Definition 3.3 Let A be a dilation, X a ball quasi-Banach function space, g € [1, 00),
d € Z4,and s € (0, 00). Then the anisotropic ball Campanato-type function space

L’;}, a.d, ;(R™), associated with X, is defined to be the set of all the f € L?OC (R™) such

that

1—1

m e N i
1
Ifllcy, , ny = sup {Z L—} 13@}
X

= LILgallx
m ,
<3 »j1BY| [][
o Mpollx L/po

is finite, where the supremum is taken over allm € N, {B(j)};f’zl C B,and {}; };”zl -
(0, 00).

e
f(x)—PBu)f(x)‘ dxi|

Remark 3.4 Let A, X, q, d, and s be the same as in Definition 3.3.

. 1
(i) If we have the basic assumption that ||{} 7", [m]slmn}} ||}] € (0, 00), the
index m in Definition 3.3 can be chosen as 0o; see Proposition 3.5 below.
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(i) Obviously, Py;(R") C £X a.d, ((R™). Indeed, || fl 4, @ = 0 if and only if
f € Pg(R™). Throughout this article, we always 1dent1fy ferls X.q.d, ;(R™") with

{f+P: PePy;(R"H}.
(iii) For any f € LIOC(R”), define

1
m s s
. A
”lf”l[/A s ®R") Suplnf {Z[|—l} lB(i)}
i=1
X

Mzallx

" BYD) i
x ) j—" : | []{;(,)If(x)—P(x)lq dx} :
= J

— ||13(/) ||X

where the supremum is taken the same way as in Definition 3.3 and the infimum

is taken over all the P € P4 (R"). Then, similarly to the proof of [87, Lemma

2.6] with using [4, p.49, (8.9)] instead of [87, Lemma 2.5], we easily find that
. . . A

- |£§wqm (rn) 18 an equivalent quasi-norm of [’X,q,d,s R™M).

Moreover, for the anisotropic ball Campanato-type function space E;‘( 0.d SR,
we have the following equivalent quasi-norm.

Proposition3.5 Ler A, X, ¢q, d, and s be the same as in Definition 3.3. For any
f e LlOC(R”), define

1 —1

)\'[ s s
||f||LA ROR = Sup {Z[—] 13(!‘)}
X

ieN ||13(z)||X
1| BU
S
N Mpinllx L/Bo

where the supremum is taken over all { B/ }jen C Band{A;}jen C (0, 00) satisfying
that

1
) = Phy fo| dx} ,

1

S

Aj §
> ol 150) € (0, 00). 3.3)
jeN !

X

Then, for any f € L1 (R"),

loc
Iflles e =IFllcs | @y

Proof Let f € L, (R™). Obviously,

loc

1£leq,, @ < 17T

X.q.d,s

- (3.4)
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Conversely, let {B(j)}jeN C Band {Aj}jen C (0, oo) satisfy (3.3). From Defini-
tion 2.4(iii), it follows that

m )\‘ s %
lim T 1,
m—oo Z[HIBO’)”X] BO
i=1 x
m .
A:|BW)
]
= Mpollx L/pw
-1
N
1
— | 130
{%[HIBU)HX} b }
X
A:|BUW
<y
o 1gillx L/Bw
Therefore, for any ¢ € (0, 00), there exists an mg € N such that
11
A s B
=[] 1]
ieN BOIIX x
3 1BU)
S
= 1ginllx L/
e
s s
156
Z[Illmollx} B ]
X
mo

Z )»jIB(j)| |:][
X —
— Mpnlx L/s0

<
= “f”L)A},q,d.s(R") +e,

T
f(x)—PBmf(x)‘ dx:|

BT
) = Pl f)| dx

f&x) — Pgu)f(X)‘q dx}

d q %
f(x) - PB(_,')f(X)‘ dx + &

which, together with the arbitrariness of both {B/)} jeN C Band {1;};en C (0, 00)
satisfying (3.3) and ¢ € (0, 00), further implies that

||f||£A (R”) = ”f”[:A ads (R")*

This, combined with (3.4), then finishes the proof of Proposition 3.5. O

Now, we introduce another anisotropic ball Campanato-type function space
E’;} q +R") associated with the ball quasi-Banach function space X.
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Definition 3.6 Let A be a dilation, X a ball quasi-Banach function space, ¢ € [1, 00),
and d € Z4. Then the Campanato space E?(’ 7. 4R, associated with both A and X,

is defined to be the set of all the f € LI (R") such that

loc

1y e = ][ F - Pifo| dx}" < oo,

BeB ||lB||X {

where the supremum is taken over all the balls B € B and Pg f denotes the minimizing
polynomial of f with degree not greater than d.

Remark 3.7 Let A, X, g, d, and s be the same as in Definition 3.3.

(i) From Definitions 3.3 and 3.6, it immediately follows that LX a.d, JRYC
Eg‘} a 4R™) and this inclusion is continuous.
(ii) Forany f € LIOC(R”), define

1
|||f”|ﬁ a@®M BEBPePd(Rn) ||IB||X ‘][ /) 24

Then, similarly to [87, Lemma 2.6], we find that ||| - ||| £a @ is an equivalent

quasi-norm of EX’q’d(R”).
Now, we give a basic inequality which is used throughout this article.
Lemma 3.8 Let {ai}ien C [0, 00). If o € [1, 00), then
o
(Za) =z
ieN ieN
The following proposition shows that, if the ball quasi-Banach function space X
is concave and s € (0, 1], then the space D}, ad,s (R™) coincides with E‘;‘( q 4R

introduced in Definition 3.6.

Proposition 3.9 Let X be a concave ball quasi-Banach function space, g € [1, 00),
deZy,ands € (0, 1]. Then

LY gas®RY) =Ly, R (3.5)

with equivalent quasi-norms.

Proof We first show that

L ad®D C LY, 4 (RY (3.6)
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and the inclusion is continuous. For this purpose, let [ € E X.q, 4(R™). Then, from the
assumption that X is concave, Definitions 2.4(ii) and 2.6(ii), and s € (0, 1], together
with Lemma 3.8, we deduce that

m -1 m i
A/|B(f)|
TERSET ) o I ok
i=1 j

= e llx

1
q q
) [fB(j) ‘f(x) - P;’mf(x)] dx]

m 1 m
< sup (Z]: )\.i) Z)&j”fnﬁﬁ.q’d(R") = ”f”ﬂ)A}.q’d(R")’
i=

j=1

where the supremum is taken over all m € N, {B(/')};'1 C B, and {}; }’” 1 € (0, 00).
This further implies (3.6). Combining (3.6) and Remark 3.73), we obtaln (3.5), which
completes the proof of Proposition 3.9. O

Next, we establish the relation between E?}, gdos (R™) and H )’? (R™). To this end, we
first recall the definitions of the anisotropic (X, ¢, d)-atom and the anisotropic finite

atomic Hardy space H ? ‘t’-md (R™) from [84, Definitions 4.1 and 5.1].

Definition 3.10 Let A be adilation and X a ball quasi-Banach function space satisfying
both Assumption 2.10 with p_ € (0, oo) and Assumption 2.12 with the same p_,
6o € (0, E)’ and pg € (6p, 00), where P is the same as in (2.7). Assume that N € NN

[Nx, 4. 00) with Nx, 4 the same as in (3.2). Further assume that ¢ € (max{po, 1}, 0]

and
dell(L-1) e oo)ﬁZ (3.7)
% In(A_) |’ + '

(i) An anisotropic (X, q, d)-atom a is a measurable function on R” satisfying that

(1)1 suppa = {x € R" : a(x) # 0} C B, where B € B and B is the same as in (2.4);

(2 llallLa@ny < IBI" ||13||X ;
@1)3 fRn a(x)x¥dx = 0 for any y € Z with |y| < d, here and thereafter, for any

=l €20yl i= 14+ ypand X7 =] a0

(i) The anisotropic finite atomic Hardy space H ?:%f (R™), associated with both A
and X, is defined to be the set of all the f € S'(R") satisfying that there exists a
K € N, asequence {Ai}le C (0, 00), and a finite sequence {a,'},.K:l of anisotropic
(X, q, d)-atoms supported, respectively, in {B(i)}iK: | C B such that

K
f= Z Aid;.
i=1



Anisotropic ball Campanato-type function spaces and... Page 17 of 71 50

Moreover, for any f € H )/?Y,%;ld (R™), define

1

K f) %
i rilga 17
£ 1.0 gy 3= inf {Zl [— :
1=
X

Mpollx

where the infimum is taken over all the decompositions of f as above.

Let A be a dilation and X the same as in Definition 3.10. In the remainder of this

article, we always let
J . 1 { Inb 3.8)
*A4=1\4 In() | '

To establish the dual theorem of H }? (R™), we need its atomic and its finite atomic
characterizations as follows, which are simple corollaries of [84, Theorem 4.3 and
Lemma 7.2] and [84, Theorem 5.4], respectively.

Lemma3.11 Let A, X, q, d, and 6y be the same as in Definition 3.10. Further assume
that X has an absolutely continuous quasi-norm, {a;} jcN is a sequence of anisotropic
(X, q, d)-atoms supported, respectively, in the balls {B(j)}jeN C Band {Aj}jen C
(0, 00) such that

6o %
Z IB(j) < Q.
N|:||1B(n||x]
X

Then the series f = ZjeN Ajaj converges in H)?(R”), f € H)?(R”), and there
exists a positive constant C, independent of f, such that

A 0o 0
11 g ey < € Z[—f] 130)

. 11z llx
jeN
X

Lemma3.12 Let A, X, q, d, 6y, and pg be the same as in Definition 3.10.

() Ifg € (max{po, 1}, 00), then | - || , A, d(R,, and || - ”H;(‘ (rn) are equivalent quasi-
A,q.d
norms on HX ?m (R™);
@) |- ”HQ_’E:"J(RH) and ||| H{ (R 7€ equivalent quasi-norms on H)’? gIOI d(R”)ﬂC(R”),

where C(R™) denotes the set of all continuous functions on R".
The following conclusion is also needed for establishing the dual theorem.

Proposition 3.13 Let A, X, and d be the same as in Definition 3.10. Then the set

Hi o4 (R™) N C(R™) is dense in Hig (R™).
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Proof From [84, Lemma 7.2], it easily follows that H }‘?” fifl’d(R”) is dense in H ;(‘ (R™).
Thus, to show that H}?,’ﬁ’d(R”) N C(R™) is also dense in H{} (R™), it suffices to

prove that the set H ;(‘,’ fifl’d (R™) NC(R™) is dense in H )’?”gfl’d(R") with the quasi-norm
-l HY(R): To this end, we only need to show that, for any given anisotropic (X, oo, d)-
atom a supported in the anisotropic ball B := xo + B;, with xo € R" and iy € Z,

kl:r—noo lla — ok * a”H?(R") =0, (3.9)

where ¢ € S(R") satisfies [p, ¢(x)dx = 1 and suppp C Bp. Let s €
(max{l, po}, c0) with po the same as in Definition 3.1. Observe that, for any
k € (—o0,01N7Z,

1
|Bmax{i0,0}+r |5 (a — gk xa)
||1x0+Bmax([O,O}+r ”X ||(1 — @k * a”LS(]R")

is an anisotropic (X, s, d)-atom supported in the anisotropic ball xo + Bmax{io,0)+1>
which, combined with Lemma 3.11, further implies that

||1x0+Bmax(i0,O)+r ”X”a — @k * a”LS(lR”)

lla — or *a”H)‘?(R”) S 1
|Bmax{io,0}+t | s

S lla — @i * all s .

From this and [4, p.15,Lemma 3.8], we infer (3.9), which then completes the proof
of Proposition 3.13. O

The following technical lemma is just [4, p.49, (8.9)] (see also [58, Lemma 3.4]).

Lemma3.14 Let f € LIIOC(]R”), d € Z4, and B be an anisotropic ball in B. Then
there exists a positive constant C, depending only on d, such that

sup Pl ()| = C]i £ ()l dax.

xeB

Now, we prove that the dual space of H }‘? (R™) is E?( 7.d.0 (R™).

Theorem 3.15 Let A, X, q, d, and 6y be the same as in Definition 3.10. Further assume
that X has an absolutely continuous quasi-norm. Then the dual space of H)‘? R,
denoted by (H)? R™))*, is E?{,q’,dﬂo R™Y with 1/q +1/q" = 1 in the following sense:

(i) Let g € ﬁ‘;} 7d (R™). Then the linear functional

Lg: f— Lg(f):= /R f(x)g(x)dx, (3.10)

initially defined for any f € H ?%Hd (R™), has a bounded extension to H )‘? ®R™).
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(i) Conversely, any continuous linear functional on H )’? (R™) arises as in (3.10) with
a unique g € E?(’q/ 4.0 R™).

Moreover, ||g||£§ oy ~ ||Lg||(HQ(R"))*’ where the positive equivalence con-

stants are independent of g.

Proof We first show (i) in the case ¢ € (max{l, po}, co) with py the same as in
Definition 3.10. To this end, let g € L4 ;4 (R"). For any f € Hy 'l (R"),
by Definition 3.10, we know that there ex1sts a sequence {A; }’" | € (0,00) and a

sequence {a }’”:1 of anisotropic (X, ¢, d)-atoms supported, respectlvely, in the balls
{BUY_, C Bsuchthat f = Y 4;a; and

)

m 90
130 ~ I A -
Z [ |13<j>llx} BY Hy %! @®m)

X

From these, the vanishing moments of @, the Holder inequality, the size condition of
aj, Remark 3.4(ii), Lemma 3.12(i), and Definition 3.3 with both ¢ replaced by g’ and
s replaced by 6, it follows that

ILg(H)] = ‘/R fx)gx)dx

~aj(x)g(x)dx
BU)

m
SZM
j=1

Zg ' peinf e / a;(x) [g(x) — P(x)] dx

m

a ny inf x) — P[4 dx
Z sy int [/Bm 1) — P)| }

m

E f g(x — P(x dx
||lB(])||x PEPd(R”)| BW)

m 0 %
)\i 0 0
S { > |:— :| 13<f>} glza a0 B
i=1 ¥ a0

L
q

”13(1) ”X

W gpaanlglics g ~ I g lgley o GAD)

q’.d.0

Moreover, by [84, Lemma 7.2] and the assumption that X has an absolutely continuous
quasi-norm, we find that H ;? %nd (R™) is dense in H? (R™). This, together with (3.11)
and a standard density argument, further implies that, when ¢ € (max{1, po}, 00), (i)

holds true and

”Lg”(H)f(\(Rn))* 5 ||g||£A

X'\ d,fo R™)
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with the implicit positive constant independent of g.

We next prove (i) in the case ¢ = o0. Indeed, using Proposition 3.13 and repeat-
ing the above proof for any given ¢ € (max{l, pg}, 00), we then conclude that
any g € D)‘},l, .60 (R™) induces a bounded linear functional on H)’? (R™), which

HAvOO’d(Rn) N C(R™) and given by setting, for any £ €

is initially defined on Hy g

Hy oo (R N CRY),

Lg: £ Lg(f) :=/ £(x)g(x) dx, (3.12)
Rn

and then has a bounded linear extension to H ;(‘ R™"). Let g € L’;}’ 1.d.0 (R™). Thus, it

remains to show that, for any f € H;?:?ifl’d(R”),

Lo(f) = /R S()gx)dx. (3.13)

To this end, suppose f € H}’?”gfl’d(R") and supp f C xo + B;, with xg € R”

and igp € Z. Let ¢ € S(R") satisfy suppe C Bo and [p, ¢(x)dx = 1. Letting
s € (max{l, pp}, 00), by the proof of Proposition 3.13, we find that, for any k €
(—00,0]NZand f € L*(R"),

o * f € Hy oo (R") N C(R™) (3.14)
and
lim | f — ¢k * fllsgany = O- (3.15)
k——00
From this and the Riesz lemma (see, for instance, [30, Theorem 2.30]), it follows that
there exists a subsequence {kj}pen C (—o00, 01N Z such that limj,_, « kj, = —00 and,

for almost every x € R”,
lim g, * f(x) = f(x).
h—o00
By (3.15) and an argument similar to that used in the proof of Proposition 3.13, we
conclude thatlimy, 00 | f — @k, * fll g ARy = 0, which, combined with Lemma 3.11,

(3.14), (3.12), the fact that

(11 * ) 8] < If Lo @) Lag+ Buasiig o5 18] € L' (R™),

and the Lebesgue dominated convergence theorem (see, for instance, [30, Theorem
2.241), further implies that

Lo(f) = hlij;O Lg(or, * f) = hlirrgo /Rn @k, * f(x)g(x)dx

=/ fx)g(x)dx.
Rﬂ



Anisotropic ball Campanato-type function spaces and... Page 21 of 71 50

This finishes the proof of (3.13) and hence (i) in the case ¢ = co. Moreover, repeating
the proof in (3.11), we obtain, for any ¢ € (max{1, po}, o],

ILgll ey S Slglga ®n) (3.16)

X.q'.d, )
with the implicit positive constant independent of g.

We next show (ii). For this purpose, let 7p : LY(B) — P4 (R"), with B € B, be
the natural projection such that, for any f € L!'(B) and Q € P;(R"),

/BJTB(f)(X)Q(X)dxZ/Bf(X)Q(X)dX~ (3.17)

For any ¢ € (max{1, po}, co] and any ball B € B, the closed subspace Lg (B) of
L4(B) is defined by setting

L{(B) :={f € LY(B) : mp(f) =0and f # 0 almost everywhere on B},

where L9 (B) is the subspace of L7 (R") consisting of all the measurable functions on
R”" vanishing outside B. For any f € Lg(B), since f # 0 almost everywhere on B,
we can easily deduce || f || s &) # 0. Therefore,

1

= g f
||1 || LR

is an anisotropic (X, ¢, d)-atom. From this and Lemma 3.11, it follows that

< L. (3.18)

~

H{ (R?)

11 oy

‘ |B|'/4
gl x

Now, suppose L € (H;? (R™))*. Then, by (3.18), we find that, for any f € Lg (B),

1slx

| fllLa®n)- (3.19)

Therefore, L provides a bounded linear functional on Lg (B). Thus, applying the Hahn—
Banach theorem (see, for instance, [30, Theorem 5.6]), we conclude that there exists
a linear functional L p, which extends L to the whole space L4 (B) without increasing
its norm.

When g € (max{l, pg}, 00), by the duality (L?(B))* = Lq/(B), we find that there
exists an hp € Lq/(B) C L'(B) such that, for any f € Lg (B),

L(f)=Lp(f)= /B Jf@)hp(x)dx. (3.20)
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In the case g = oo, let ¢ € (max{l, po}, 00). Then there exists an hp € L‘7/(B) C
L](B) such that, for any [ € L8°(B) C L4(B), L(f) = fB f(x)hp(x)dx. Alto-

gether, we conclude that, for any ¢ € (max{1, po}, oc], there exists an hp € L‘f/(B)
such that, for any f € L{(B),

L(f) = /B FCOhB() dx. (3.21)

Next, we prove that suchan hp € L7 / (B) is unique in the sense of modulo P, (R").
Indeed, assume that % p is another function of L4 (B) such that

L(f) = /B F () dx (3.22)

for any f € Lg(B). Then, from (3.21), (3.22), and (3.17), we infer that, for any
f e L®(B), f —np(f) € Lz’ (B) and

0= /B [f () = 75(F) )] [hp(x) — hp(x)] dx
- /B £ [ () — (0] dx - /B 75 (f) () hy — ) () dx
= /B £ [hp(x) = hp(x)] dx — /B f)mp(hp — hp)(x)dx
=/Bf(x) [h5(x) — hg(x) — mp(hp — hp)(x)] dx.

The arbitrariness of f further implies that 2p(x) — }’z;(x) = np(hp — i’z;)(x) for
almost every x € B. Therefore, after changing the value of hp (or hp) on a set of
measure zero, we have hp — hp € Py(R™). Thus, for any g € (max{1, po}, oo] and
f e Lg (B), there exists a unique hp € Lq/(B)/Pd(B) such that (3.20) holds true.

Forany j € R" and f € Lg(Bj), let g; be the unique element of Lq/(Bj)/’Pd(Bj)
such that

L(f)=/Blf(x)gj(x)dX-

Therefore, we can define alocal L9’ (R™) function g by setting g(x) := g;(x) whenever
x € Bj. We point out that, for any j € N, to obtain the desired g, as mentioned above,
we may need to change the value of g; on a set of measure zero. Since we are only
dealing with countable balls { B} jc, this does not cause any trouble.

Assume that f is a finite linear combination of anisotropic (X, g, d)-atoms. It is
easy to show that there exists an xo € R" and a ko € Z such that supp f C xo + By,.
Let

In Ag + In[b*0~1 + p(x)]
- +1.
Inb

Jo:
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Then, by Definition 2.3, we conclude that supp f C xo + By, C Bj,. Thus, f €
L{(Bj,) and

L(f)=/ f(X)gjo(x)dx=/ fx)gx)dx.
Bjy R

From this and (3.19), we deduce that, for any ball B € 55,

gl < I|1BﬂIILII (3.23)
Slagmn = gz Mlag @y :
Moreover, it is known that
||g||(Lg(B))* = PE,}DI;E]RH) ”g - P”Lq/(B)

(see, for instance, [4, p. 52, (8.12)]), which, combined with Remark 3.7(ii) and (3.23),
further implies that

1BJs

”gnﬁ;ch(Rn) ~ su “g”(Lg(B))* =< "L”(H)?(]R”))* (3.24)

sup
peB 1Bl x

Thus, g € E;‘}) 7 d(R”) and, for any finite linear combination f of anisotropic
(X, g, d)-atoms,

L(f) = /Rn f(x)gx)dx.

X.q'.d.0p 5 ”L”(H;t(Rn))*-TOthiS
end, foranym € N, j € {1,...,m}, BY) € B,and 1; € (0, 00), let h; € LI(BY))

with |5l ;4 piry = 1 be such that

Lo

and, for any x € R", define

Now, we show that g € £4 R andligllza  gn
X.q".d,0

d 4 q d
8(x) = Pp;)8(x) dX] Z/B(/) [g(X)—PB<_,->g(X)] hj(x)dx (3.25)

\BO[7[h; (x) — P ()]0 (x)
aj(x) = :

d
g lixllhj — Pyiyhjllagon
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Thenitis easy to find that, forany j € {1, ..., m},a;jisan anisotropic (X, g, d)-atom.
From this and Lemma 3.11, it follows that Z —jAjaj € H (R™) and

m m I o
Y hja; S Z[ } 150) . (3.26)
P .\ P |IB(J)||X
H{ (R X
Moreover, by the Minkowski inequality, the assumption that ||A j||Lq( BU)y = 1,

Lemma 3.14, and the Holder inequality, we find that, for any j € {1, ..., m},

d . d n.
Hh = Pt LaBUY = | ”L"(B(”)+ HPB“)h’ La(BU))
1
S q][ [hj (o] dx
B
1
=1+ |hj(x)| dx
|B(j)|q BY
=

1+ th”m(B(j)) S 1

This, together with (3.25), the assumption that L € (H )‘? (R™))*, and (3.26), further
implies that

i )tj|B(f)| |:][
o Mpalx L/so
—ZA |B(/)|q

g lix

1

q’ 7
8(x) = Pgig()| dx]

/B(j) [g(x) - B(J)g(x)]h (x)dx

y |B(])|q
Mg llx

/B(.) [hj(x) - P§<,->hj(x)] g)1gi(x)dx

m m m
) )tj/(_)aj(x)g(x)dx=§ MjL@j) =LY xja;
; BU ; ;

)

m m 6o
< Ajaj < [ i| 150
Z 7 Z ||13<]>||x BY

Jj=1 H)’?‘ (R™) x

Using this and Definition 3.3, we obtain g € Eg‘(’ 7'.d.00 (R™). Moreover, from g €

L?( o (R™), Proposition 3.9, and (3.24), we infer that

n ~ n L n *
”8”5;‘(‘(/1{1‘%(]1% ) ”g”ﬁA PEORS Sl ”(HA(]R ))
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This finishes the proof of (ii) and hence Theorem 3.15. O

As a consequence of Theorem 3.15, we have the following equivalence of the
anisotropic ball Campanato-type function space E;}y g.d.s (R™); we omit the details.

Corollary 3.16 Let A, X, d, 6y, and pq be the same as in Theorem 3.15 and q € [1, 00)
when pg € (0, 1), orq € [1, p6) when pg € [1, 00). Then

A ny _ pA n
EX,l,dX.A,QO(R ) - ‘CX,q,d,GO(R )
with equivalent quasi-norms, where dx 4 is the same as in (3.8).

Remark 3.17 (i) If A := 2 I,,«,, then Theorem 3.15 and Corollary 3.16 were obtained
in [89, Theorem 3.14 and Corollary 3.15], respectively.

(i) Recently, Yan et al. [85, Theorem 6.6] obtained the dual theorem of the Hardy
space Hy(X') associated with the ball quasi-Banach function space Y (X) on a
given space X of homogeneous type. We point out that, since there exists no linear
structure in a general space X of homogeneous type, one can not introduce the
Schwartz function and the polynomial on X. Indeed, any atom in [85] only has
zero degree vanishing moment, while the atom in Theorem 3.15 has vanishing
moments up to order d € [dx, 4, 00) N N with dx 4 the same as in (3.8). Thus,
although (R", p, dx) is a space of homogeneous type, Theorem 3.15 can not be
deduced from [85, Theorem 6.6] and, actually, they can not cover each other.

. . . A n
4 Equivalent characterizations of ‘C'X,q,d,Go (R™)

In this section, applying the dual theorem obtained in Sect.3, we establish several
equivalent characterizations for the anisotropic ball Campanato-type function space
L’;} 0.d.6 (R™). This plays an important role in establishing the Carleson measure

characterization of E;‘( 1.d 6 (R™) in Sect. 6 below.

Theorem 4.1 Let A, X, q, d, and 6y be the same as in Corollary 3.16 and

Inb [2  In(ry)
€€ (—m()\) [; +d= ]oo) @.1)

for some s € (0, 0y). Then the following statements are mutually equivalent:

() feLly,q0®;
() f e Ll (R") and

loc
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1 =1

m o %
1 F1lpae '= sup 1+,
Ex,l,d,eo(Rn) Z ||1x,+31 ||X '

i=1
X

" Nilxi + By
LR
j:

! ||1xj+B1. Il x

U f () — P vn, FO)

X 1.1 In(A_) 1 In(x—) dx
Rr plill+e =51 +Ip(x — x;)] +e—mp-

< 00, 4.2)

where the supremum is taken over all m € N, {x; + By, };'»1:1 C B, with both
{x]}’]“ | CR" and {l; }m | CZ, and {X; } ' 1 € (0, 00).

Moreover, for any f € LlOC(]R”),

170 ~ 10, e

with the positive equivalence constants independent of f.

To show Theorem 4.1, we need the following technical lemma, which is a slightly
elaborate variant of [82, Lemma 2.13] and which is indeed a simple corollary of the
well-known pointwise estimate that 1+ Bijar < bf/\/l(lxﬂr Bkj) forany ¢ € Z,, any
sequence {x;}jen C R", and any sequence {k;}jcn C Z; we omit the details here.

Lemma4.2 Let X be a ball quasi-Banach function space satisfying Assumption 2.10
with p_ € (0,00), £ € Zy, and s € (0, min{p_, 1}). Then there exists a positive
constant C, independent of both £ and s, such that, for any sequence {x;}jeny C R"
and any sequence {k;}jen C Z,

¢
Z 1Xj+Bkj+[ < Cbs Z IXj+Bkj ’

jeN X jeN X
where, for any j € N, By; is the same as in (2.3).

Now, we show Theorem 4.1.

Proof of Theorem 4.1 According to Corollary 3.16, to prove the present theorem, we
only need to show that, for any f € LIOC(R”),

170y, ~ I lchs oy (43)
We first prove

170y, SIFlchs gy (44)
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Indeed, by Definition 2.3, we find that, for any m € N, {x; + By;}_; C B with both
{x,} ' CR"and {/; }m | CZy{x; } ' 1 C(0,00), & € (0, 00), and] el{l,...,m},

el iy If(x) Pe o5, FO)

R~ bl 1+8 lnb +[p(x—x )]1+8 lr:Lb)

dx
nG—) nG—)
j+Bi; blj[l—"_silnb ] + [p(x —_xj)]1+871nh

BT = P S
=

dx

€L | £ (x) — P g, f
~/X]+Bl

]f/ +By;

which, together with Definition 3.3 and (4.2), further implies (4.4).
Conversely, from Definitions 2.3 and 3.3, we deduce that, for any m € N, {x; +
Blj}’" | C B with both {xj} ' CR"and {/; }’" | CZ,{Aj }’]" 1 C (0, 00),

In(A_
plill+e )

f) =Pl g, f)] dx,

" il + Byl DU ) = Py fO0)

)dx

(o)
1 ||1x.,~+Blj lx Jre blj|1+€anl +[p(x _xj)]1+€ lnb

m [e¢)
P vl B |
— ||1x]-+Bl.”X xj+B,. k=0 xj+Blj+k+l\xj+Blj+k

B0 = Py @)

X In(A_)
bl_/[l+€w] +pkx — xj)]1+€ lnb

m
2:: |1X]+B] ”X /x,+31

° In(x_)

1
m
Z Zb*k”* Wb |

Lej+8, llx =5

/ jHBlj 4k
|

o [}
{ [y ||x> boem () Wley e 10 69
X

>dx

fG) = P g, F00)] da

FO) = Pl f(0)] dx

nms
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where

m

A o InGi_)
I:= z: J E:b—k[1+s Inb ]/ ‘f(x) x+Bl S| dx.
= _,'+Blj+k+1

48, x5

Obviously, we have

DI T FO) =Pl T ()] da

In(.—)
E b—k[1+ b ]/
Xj+B1;+k

= ey Ix i

“ InG)

2 —k[14e 5222
+ b Tnb

||1x,+31 llx 1%\:1
d d

X / ij“"BljJrkf('x) - PXj-FB]/. f(x)‘ dx. (46)

Xj+Blj+k :

Note that, on the one hand, by the definition of minimizing polynomials, (2.6), [45,
Lemma 2.19], and Lemma 3.14, we find that, for any k € N and x € x; + B, 4x+1,

Pl () = Pl f)]

M»

d d
Py SO = Pl 00|

<
Il
—

Il
™M~

d d
ij+sz+u71 (f - ij+B1j+vf) (x)‘

<
Il
-

M~

)|
Lo(B(xj.A )

d _ pd
ij+Bl_/+v—l (f PXj+Bl_/-+uf

Li+k \ 4
A ’Pd
’ )\l_+v1

d
)Cj+B/j+\,_1 (f ij+Blj+V f) H LOO(B(X A/]+lf I))

<
I
-

N
M~

v

k
1
S PO = P F0)| i @D
— |xj + i+

B 4v-1] X814

on the other hand, from Definition 2.4(ii), the fact that s € (0, 6y), and Lemma 4.2,
we infer that, for any j € {1, ..., m},

1 1

||1x]‘+B1j ”X ||1xj+Blj+k||X

it

A
S

(4.8)



Anisotropic ball Campanato-type function spaces and... Page 29 of 71 50

and, for any k € N,

1

m [0) 8
Z L+ By
(||IXI+B[ +k||x> ! it

i=1
X

m 0o 8o
= Z LBy,
(||1x,+B1 ||X) SR

i=1
X

m A 6o 6o
bs Z(—) Liys, . (4.9)
i=l1
X

2\
@l

”1xi+Bl,~ ”X

In(hy)

In(h_
Combining (4.6), (4.7), (4.8), (4.9), Lemma 4.2, A = b b lnb , and Ad = b4 b R
we conclude that

1 —1

m 0o B
lx-_;,_Bl_ x 1
2 (nlx,w, ||x> A

i=1
X

0
InG_) m Bo B
k 177 n(A—
< S pHi=Hee | S Loin
||1x,+31 +k “X

keN i=1
X

f@) =Pl g +kf(x)‘ dx

m

V) P - /
=1 ||1xj+Blj+k”X x_/+B/j+k
11

)\d k g ) m 5 6o 0
+ v(Z-1) i
+ —b b5 - L1,
5 () T [ () e
m

Aj

—1 ||1xf+Bl_/+V lx

/xjﬂgl__*_U ‘f(y) X +B[ +,,f()’)‘ dy

kg

LIS 24 2
o0 B Zb (1-2+4e55 +Z<A_8+b> va(;—l)

keN keN v=1

<
Iy,

In(h— ) 2
S § R e 24 (3-Dk
~ ||f||‘c§,l.d,90(Rn) b~ I _|_ ( ) b

keN keN

2 ln()L) ) In(a— _ In(Aq)
SIFley, 4o @ {Zb Kl1—24e 2 I i —d J}
keN keN
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o) ln(x+)]

~ —k[2+e
||f||£§’1'd1€0(w) Zb St Tnr —d g
keN

which, together with (4.5), (4.2), (4.1), and the arbitrariness of m € N, {x; + B, }’;':1 C
B with both {xj};f‘z1 C R" and {/; }’}1=1 C Z, and {Aj};f'zl C (0, 00), further implies
that

In(._) _dln()ur)]

< —k[3+& 105 b
||f”‘c?(:81.d,60(Ru) ~ ”f”[’;},l,d.go(Rn)%b s n n
€

~ ” f ”EQ.LLI.H() R")*

This, combined with (4.4), proves (4.3) and hence finishes the proof of Theorem 4.1.
m}

We can obtain one more equivalent characterization of E’;} 0.d.0 (R™) as follows,
whose proof is a slight modification of Theorem 4.1; we omit the details.

Theorem 4.3 If A, X, q, d, 6y, and ¢ are the same as in Theorem 4.1, then the conclusion
of Theorem 4.1 with m replaced by oo still holds true, where the supremum therein is
taken over all {xj + By} jen C B with both {x;}jen C R" and{lj}jen C Z and over
all {xj}jen C (0, 00) satisfying

Iy 6o %
Z (”1—1> lxj+31/_ € (0, 00).
jeN *J ' X

+Bi; Il x

Remark 4.4 If A := 2 I,,,,, then Theorems 4.1 and 4.3 were obtained in [89, Theorems
4.1 and 4.4], respectively.

5 Littlewood-Paley function characterizations of H)‘} RM

In this section, we establish the characterizations of H )’? (R™) in terms of the anisotropic
Lusin area function, the anisotropic Littlewood—Paley g-function, or the anisotropic
Littlewood—Paley g;-function. These are the consequence of the atomic and the finite
atomic characterizations of H )’? (R™) obtained in [84] and play important roles in estab-
lishing the Carleson measure characterization of £§’1’ 4.00(R") in Sect. 6. First, we
recall the concepts of both the anisotropic radial maximal function and the anisotropic
radial grand maximal function, which were introduced in [4].

Definition 5.1 Let ¢ € S(R") and f € S'(R"). The anisotropic radial maximal
function Mg( f) of f with respect to ¢ is defined by setting, for any x € R”,

MY(f)(x) = Sup | i ().
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Moreover, forany given N € N, the anisotropic radial grand maximal function M ](\), f)
of f € §'(R") is defined by setting, for any x € R",

MY (@) = sup  MO(FH(0).
peSy (R™)

In what follows, for any ¢ € S(R"), @ is defined by setting, for any & € R”,
P&) = / p(x)e 7 dx,
Rn

where 1 (= /—1 and x - & = Z?:,ingi for any x = (x1,...,x,),& =
(5/1\, ..., &) € R". Forany f € S'(R"), f is defined by setting, for any ¢ € S(R"),

(f.o):=(f. )

Recall that f € S’(R") is said to vanish weakly at infinity if, for any ¢ € S(R"),
f*¢r — 0in S'(R") as k — oo (see, for instance, [31, p.50]). Let C2°(R") denote
the collection of all the infinitely differentiable functions with compact support on R”.
The following Calderén reproducing formula is just [7, Proposition 2.14].

Lemma5.2 Letd € Z4 and A be a dilation. Assume that ¢ € C°(R") satisfies

supp ¢ C By, / x’¢(x)dx =0 forany y € Z with |y| <d, (5.1)
Rﬂ
and there exists a positive constant C such that
6| = Cwheng e [x e : @laD™ = o) <1}, (5.2)

where || A|| is the same as in (2.2). Then there exists a y € S (R") such that

(i) supp I/ﬂ\ is compact and away from the origin;
(i) for any & € R"\{0},

7 ((a)€)d((a) €)= 1.
JEZ
where A* denotes the adjoint matrix of A.
Moreover, for any f € S (R"), if f vanishes weakly at infinity, then
f=) fxvjx¢;jinS (R").
JEL

The following definitions of the anisotropic Lusin area function, the anisotropic
Littlewood—Paley g-function, and the anisotropic Littlewood—Paley g;-function were
introduced in [64, Definition 2.6].
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Definition 5.3 Let ¢ € S(R") be the same as in Lemma 5.2. For any f € S’(R"), the
anisotropic Lusin area function S(f), the anisotropic Littlewood—Paley g-function
g(f), and the anisotropic Littlewood—Paley g} -function g5 (f) with any given A €
(0, oo) are defined, respectively, by setting, for any x € R”,

1

2
S(HE) = [Zb"‘ | ireaomp dy} ,
k7, x+ By
1
g(f)x) = |:Z|f*¢k(x)|2] : (5.3)
keZ

and 1

If * ()] dy} :

A

2o [ e
re DK+ p(x —y)

keZ

& () = {

We characterize the space H ? (R™), respectively, in terms of the anisotropic
Lusin area function, the anisotropic Littlewood—Paley g-function, and the anisotropic
Littlewood—Paley g} -function as follows.

Theorem 5.4 Let A be a dilation and X a ball quasi-Banach function space satisfying
both Assumption 2.10 with p_ € (0, 0o) and Assumption 2.12 with the same p_,
6o € (0, E)’ and pg € (6y, 00), whereg is the same as in (2.7). Then f € H)’?(R”) if
and only if f € 8'(R"), f vanishes weakly at infinity, and ||S(f)|lx < 0o. Moreover,
forany f € H)‘? R,

ISCAHIx ~ £l gy

where the positive equivalence constants are independent of f.

Theorem 5.5 Let A and X be the same as in Theorem 5.4. Then f € H)‘? R") if and
only if f € S'(R™), f vanishes weakly at infinity, and ||g(f)||x < o0o. Moreover, for
any f € Hf(‘ (R™),

g CNx ~ IF g ey

where the positive equivalence constants are independent of f.

Moreover, by Theorems 5.4 and 5.5 and an argument similar to that used in the
proof of [16, Theorem 4.11], we easily obtain the following result; we omit the details.

Theorem 5.6 Let A, X, and 0y be the same as in Theorem 5.4 and let L €
(max{l,2/ry}, 00), where

ry :=sup {6y € (0, 00) : X satisfies Assumption 2.12 for this 0y
and some pg € (6p, 00)}. 5.4)
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Then f € H? (R™) if and only if f € S'(R™), f vanishes weakly at infinity, and
llgx(Hllx < oc. Moreover, for any f € H? (R™),

15 OIx ~ 1F 1L oy

where the positive equivalence constants are independent of f,

To prove Theorem 5.4, we first present the following conclusion which shows that
the quasi-norm || - || x of the anisotropic Lusin area functions defined by different ¢ as
in Lemma 5.2 are equivalent.

Theorem 5.7 Let A and X be the same as in Theorem 5.4 and ¢, f € CS°(R") satisfy
both (5.1) and (5.2). Then, for any f € S'(R") vanishing weakly at infinity,

1Se () llx ~ 1Sy (Fllx.

where S (f) is the same as in (5.3), Sy (f) is the same as in (5.3) with ¢ replaced by
Y, and the positive equivalence constants are independent of f.

To prove Theorem 5.7, we need the following lemma which is just [7, Lemma 2.3]
and originates from [18, Theorem 11].

Lemma 5.8 Let A be a dilation. Then there exists a collection
Q::[Q’;cw: keZ,aelk}

of open subsets, where I is a certain index set, such that

i IR\ U, Q];I = 0 for each fixed k and Qf; N Q1I§ = forany o # B;
(i) for any a, B, k, £ with £ > k, either Q’gl N Qfs =@ or Qﬁ C Qllg;
(iii) for each (€, B) and each k < £, there exists a unique o such that Qg C Q{;;
(iv) there exist a certain negative integer v and a certain positive integer u such that,
for any Qf; with both k € 7 and o € Iy, there exists an Xk € Q](; satisfying

that, for any x € Q{;,
xQ’(; + Byg—u C Q{; Cx+ ka+L1-

In what follows, for convenience, we call Q := { Q{; Jkez,aer, in Lemma 5.8 dyadic
cubes and k the level, denoted by £(QX ), of the dyadic cube Q¥ with both k € Z and
o € I.

The following technical lemma is also necessary, which is just [39, Lemma 6.9].
In what follows, for any o € R, [«] denotes the smallest integer not less than «.

Lemma 5.9 Letd be the same as in (3.7), v and u the same as in Lemma 5.8(iv), and

. Inb 1
TS\ b+ W@+ Dmr |
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Then there exists a positive constant C such that, for any k,i € Z, any {CQ } oco C
[0, o0) with Q in Lemma 5.8, and any x € R",

> ol

(=[5

b(kvi)(d+1)%

c
(L&D + o(x — ZQ)](dJrl)“}%;Jrl ©

ot et iyl Y (e 1o|w)
t@)=[ %]

where £(Q) denotes the level of Q, zp € Q, and, foranyk,i € Z, ki := max{k, i}.
We now prove Theorem 5.7.

Proof of Theorem 5.7 By symmetry, to show the present theorem, we only need to
prove that, for any f € S&’'(R") which vanishes weakly at infinity,

[Ss(H 1 S 18w H]x- (55

To this end, forany i € Z, x € R", and y € x + B;, let

I = f i ().

Then, by Lemma 5.2 and the Lebesgue dominated convergence theorem, we find that,
foranyi € Z,x e R",and y € x + B;,

I = s dix i (y)

keZ

= Z/ S Y@ x ¢i(y — 2) dz
kez R

- Z Z / J Y@ r x ¢i(y —2) dz (5.6)
kEZZ(Q)=[%_‘ 0

in &’ (R™), where all the symbols are the same as in Lemma 5.9. On the other hand,
by [8, Lemma 5.4], we conclude that, for any k,i € Z and x € R",

. Ini_
- pkvi@+1) LS

|x * i ()] < b~ ATV g

This further implies that, for any Q € Q with

k_
€(Q) = ( : ’ﬂ .7)
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there exists some zp € Q such that, forany k,i € Z,x e R",y e x+ B;j,and z € Q,
1) y

pkVDE+D o

i i (y — )] < b~ @ DI (5.8)

Inx_

[6&VD + p (x — ZQ)](d'H) T+l

Moreover, for any Q € Q satisfying (5.7), we have By¢(g)+« C By. From this, the
Holder inequality, and Lemma 5.8(iv), we deduce that, for any z € Q,

1

][ 1 %) dy}z
L/ O

— d
0] ‘/Qf*w(y) y| <

1

1 2
|f * Y () ? dy}

| 1Boeco)—ul Szt Buecgyiu

IA

1
2
S / | ()P dy} ~ Y2,
2+ By

where, for any k € Z and z € R”,

1

YN = [bk / 1 )2 dy]2
2+ By

Thus, for any k € Z and Q € Q satisfying (5.7),

1
ol VQ f ) dy‘ < inf VP (N (@)

By this, (5.6), (5.8), and Lemma 5.9, we conclude that, for any given n €

(W’ 1]and foranyi € Z,x e R",and y € x + B;,
Ina_

‘j(l)(f)(y)’ Zb (d+D)k—i| 52 Z 10|
ke «Q)=[ 5]

pkvidd+D)

x Y(k)(f)(z)
L&V 4+ p (x _ ZQ)](d+1) b +1

Ini_ 1
< 3 pr k=il k—(kvi)l(5—1)
keZ

M| X i [rPHe] 10| @

(=[5

= J(n,l-)(x). (5.9)
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Using (3.7), we are able to choose an € (W, 6p). Therefore, from (5.9),
it follows that, for such an 1 and any x € R",

sen@P =30 [ ool @ £ S ]
i€l i€l
Inb

This, together with the Holder inequality and the choice that n > Ty S I
further implies that, for such an n and any x € R",

[S¢(f)(x)]2 S ZZ {b_(d'*‘l)\k il ‘]lnkh’b [k—(kvi)] (171)]2

i€l kel

keZ 200)= ’Vk u-‘

S im| X igg[y,f,“(f)(z) 1o (x)l
2

sym| X m[rPne]e|w

keZ 00)= [k u"
=S (] )
keZ

Thus, by the choice that n < 8y and Assumption 2.10, we find that

==

n
2

1Se(D) 5 S <Z{M ([Yv(lk)(f)]n) (X)}$>

keZ X'17
®, 1 :
S (Z ke ) =56 (H)lx-
keZ X

which further implies that (5.5) holds true and hence completes the proof of Theo-

rem 5.7. o

Now, we recall the concept of the anisotropic weight class of Muckenhoupt, asso-
ciated with a dilation A, which was introduced in [6, Definition 2.4].

Definition 5.10 Let A be a dilation, p € [1, 00), and w be a nonnegative measurable
function on R”. The function w is said to belong to the anisotropic weight class of
Muckenhoupt, A,(A) := A,(R", A), if there exists a positive constant C such that,
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when p € (1, 00),

p—1
sup sup{][ w(y) dy} {][ [w()] 7T dy} <c
xeR" keZ x+ By x+ By

or, when p =1,

sup sup{][ w(y)dy} ess sup[w(y)]_1 <C.
xeR" keZ \J x+By yEx+ By

Moreover, the minimal constants C as above are denoted by C 4., (w).

It is easy to prove that, if 1 < p < g < oo, then .Ap(A) C Aq (A). Let

A= | AgA).

q€ll,00)
For any given w € Ay (A), define the critical index gy, of w by setting
quw =inf{p e[l,00): we Ay(A)}. (5.10)

Obviously, g, € [1, 00). By the reverse Holder inequality (see, for instance, [42,
Theorem 1.2]), we conclude that, for any p € (1, 00) and w € A,(A), there exists
an e € (0, p — 1] such that w € A,_(A). Thus, if g, € (1, 00), then w ¢ A, (A).
Moreover, Johnson and Neugebauer [46, p.254] gave an example of w ¢ A;(A) with
A =21, «;, such that g, = 1.

In what follows, for any nonnegative local integrable function w and any Lebesgue
measurable set E, let

w(E) :=/ w(x)dx.
E

For any p € (0, 00) and any nonnegative local integrable function w, denote by
L1 (R™) the set of all the measurable functions f on R" such that

If Il e @y = {/R If(x)lpw(x)dx} R

Moreover, let L3 (R") := L°°(IR"). Obviously, for any p € (0, oo] and w € A (A),
L1 (R™) is a ball quasi-Banach function space, which even may not be a quasi-Banach
function space (see, for instance, [69, p. 86]).

To show Theorem 5.4, we need the following several technical lemmas. Lemma 5.11
is a direct corollary of [85, Lemma 4.9] (see also [70, (4.6)]) because (R”, p, dx) is a
special space of homogeneous type; Lemma 5.12 is similar to [4, p. 21, Theorem 4.5]
and we omit the details of its proof.
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Lemma5.11 Let A, X, and 6y be the same as in Theorem 5.4. Assume that xo € R".
Then there exists an € € (0, 1) such that X continuously embeds into L?,? (R™), where
w = [M(1xy+B,)]¢ and By is the same as in (2.3) with k = 0.

Lemma5.12 Let A and X be the same as in Theorem 5.4. Then H)‘? (R™) c S'(R™")
and the inclusion is continuous.

Combining Lemmas 5.11 and 5.12, we obtain the following property of H )‘? R™).

Lemma5.13 Let A and X be the same as in Theorem 5.4 and let f € H)‘? (R™). Then
f vanishes weakly at infinity.

Proof Let N € N be the same as in (3.1). By Lemma 5.12, we find that, for any k € Z,
p e SRY),x e R, andy € x + By, | f * o (x)| S My (f)(y). Thus, there exists a
positive constant C such that, for any k € Z, ¢ € S(R"), and x € R",

x+ B C{yeR": Mn(H)() > Cilf * o)1} .

By this, Lemma 5.11, and the fact that w = [M(1y,+p,)]¢ With € € (0, 1) is not
integrable on R”, we conclude that, for any k € Z, ¢ € S(R"), and x € R”,

I f % (0] = [w(BOT o [w(BOT® | % ()]

<[wBYT ™ [w([y e R : My(H)() > Cilf * @)1}
X f % @ (0]

S BT 1Myl gy S [0CBOT [Mu()x
= [w(BOT % 1l p ey — O

as k — oo, which further implies that f vanishes weakly at infinity. This finishes the
proof of Lemma 5.13. O

To show Theorem 5.4, we also need the following lemma whose proof is similar to
that of [57, Lemma 4.2]; we omit the details here.

Lemma5.14 Let A, X, 0y, and po be the same as in Theorem 5.4, q € '(max{po, 1}, o0,
ko € Z, and ¢ € (0,00). Assume that {1;}ien C [0,00), {BD}ien C B, and
{m(s)}ieN C L1(R"™) satisfy that, for any ¢ € (0, 00) andi € N,

1
suppmgs) = {x eR": ml@ # 0} c Al p®,
1
|BO
I o @) < 5

10lx’

and

ieN

Z|: )\.ilB(i) i|00 %
_— < .
1 llx

X
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Then

1 1
il
s Mg llx .

where C is a positive constant independent of A;, B®, mf.s)

A (&)

6o o
liminf | Y |3m;
e—>0t | “
ieN

IA

,and €.
Now, we prove Theorem 5.4.

Proof of Theorem 5.4 Let T be the same as in (2.5) and u and v the same as in
Lemma 5.8(iv). We first show the necessity of the present theorem. To this end, let
feH ,’? (R™). Then, by Lemma 5.13, we find that f vanishes weakly at infinity.
On the other hand, it follows from [84, Theorem 4.3] that there exists a sequence
{Xi}ien C [0, 00) and a sequence {a;};cn of anisotropic (X, ¢, d)-atoms supported,
respectively, in {B(i)}ieN C B such that

f= inai in S’ (R")
ieN
and

1
Ailgo % %
1A gy ~ {Z[—B}
X

, 1gollx
ieN

Leta be an (X, g, d)-atom supported in a dyadic cube Q. Let w := u —v+2t and, for
any ] S N, Uj =XQ + (Bv[Z(Q)—j—1]+21\BU[Z(Q)—j]+2r)- Then, by Lemma 5.8(iV),
we conclude that, for any x € (A" Q)C, there exists some jo € N such thatx € Uj,.
For this jy, choose an N € N lager enough such that

1
(N—ﬁ)vj0+<§—/3)u<0,

where 8 := (llnb +d+ l)l?nkl; 91—0. By this and an argument similar to that used

in the proof of [64, (3.3)], we find that, for any x € (A" Q)G,

ve(Q)
S@@) < V0™ Jall o).
From this, the size condition of a, and Lemma 5.8(iv), we deduce that, for any x €
Aav 0)t,
vU(Q)
S@ ) < BV 1015 | Burcoy a7

(N=B)vjo+( =B 11 |0|#
=b gl HIED)—joToP
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B
191 )] < 1ol M)

5 ||1Q||}1 I:m

Using this, we obtain, for any x € R”,

S(NH) = ZN %] 8(@) ()1 g g () + XNj 21 @)L 4 gyt ™)
)
< {Z (121 S (@) ()1 4 g (x>]9°}
ieN
+3 LT (0) @] (5.11)
= Mpolix

By (5.11), Assumptions 2.10 and 2.12, and an argument similar to that used in the
proof of [84, Theorem 4.3], we further conclude that

ISCOIx S 1 1 ey

which completes the proof of the necessity of the present theorem.

Next, we show the sufficiency of the present theorem. Let ¢ and ¢ be the same as
in Lemma 5.2 with d in (3.7), f vanish weakly at infinity, and ||S(f)||x < oo. Then,
from Theorem 5.7, we infer that Sy, (f) € X. Thus, to show the sufficiency of the
present theorem, we need to prove that f € H )’? (R") and

1A gy S IS (O - (5.12)
To this end, for any k € Z, let Qi := {x e R" : S, (f)(x) > 2%} and

Qk:={Q€Q2 |QﬂQk|>%and|QOQk+l|§%}-

Clearly, for any Q € Q, there exists a unique k € Z such that Q € Q. Let {Q;‘}i be
the set of all maximal dyadic cubes in Oy, that is, there exists no Q € 9y such that
Qf.‘ ; Q for any i. Observe that {Q{F}i can be finite and at most countable and hence
we omit to indicate the range of i for the simplicity of the below presentation.

For any Q € Q, let

0 ::{(y,t) € R'J’FH tyeqg,
prUQHFT _ bv[aQ)—11+u+r}_ (5.13)

Obviously, {Q } 0e@ are mutually disjoint and

R = B (5.14)

keZ i
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where, for any k € Z and i, By, := UQch.‘,Qer 0. Then, by Lemma 5.8(ii) and
(5.13), we easily find that { By ;}xez.; are also mutually disjoint.

On the other hand, v has the vanishing moments up to order d. From Lemma 3.7,
the properties of tempered distributions (see, for instance, [34, Theorem 2.3.20]), and
(5.14), we deduce that, for any f € S’(R") vanishing weakly at infinity and satisfying
IS(f)lx < oo and for any x € R”, we have

=" f wyn* dr(x)

keZ

= /Rm(f *Y) (V)i (x — y) dy dm(z) (5.15)
"

in &’(R"), where m(t) denotes the counting measure on R, that is, for any set E C R,
m(E) is the number of integers contained in E if E has only finitely many elements,
orelse m(E) := oo. Forany k € Z, i, and x € R", let

B () = /B (F % 900 (x — ) dy dm(@).
k,i

Next, we prove the sufficiency of the present theorem in three steps.
Step (I) The target of this step is to show that

> > hf converges in 8’ (R") . (5.16)

keZ i

To this end, following the proofs of assertions (i) and (ii) in the proof of the sufficiency
of [57, Theorem 3.4(i)] with some slight modifications, we conclude that, for any given
g € (max{po, 1}, 00),

(i) forany k € Z, i, and x € R",

Ry =Y /A(f*w(y)qbk(x—y)dydm(t)
0c 0¥, Qe

holds true in L4 (R") and hence also in S’ (R");
(ii) for any k € Z and i, hf.‘ = )\faf‘ is a multiple of an anisotropic (X, g, d)-atom,
where, forany k € Zandi, )Lf-‘ ~ 2K gk | x with the positive equivalence constants

independent of both k and i, and af is an anisotropic (X, g, d)-atom satisfying,
for any ¢ € (max{po, 1},00),k € Z,i,and y € Z" ,

k k._
suppa; C B = Xk + BU[[(Qf),l]Jru”r,

— 1
laf llzoen < Lg% 1Bf]7, and /R af (x)x" dx = 0.
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To show (5.16), we next consider two cases: i € Nandi € {1, ..., I} with some
I e N.
Case 1i € N. In this case, to prove (5.16), by Lemma 5.12, it suffices to show that

. k _k
Jlim o) Md =0. (5.17)

I<|k|<ml<i<m H)'?(]R")
k
Indeed, for any k € Z and i € N, by the estimate that |Qf N Qk| > ‘Qz—" we find that,
for any x € R",
loFneyl 1
M (IQf'mszk) x) 2 ][Qk le."ka »dy = l|Q—k| > 5
i 1

This, together with Assumption 2.10, further implies that, for any [, m € N,

2
1A=

6 % 2 z|®
k 0 k6
EDSNCOT M I | 1D SR SECI (WY
[<lklsml<i<m X% I<|k|<m I<i<m X%
2
ik
2
< k6o )
Sy X X2 [M(lgﬁnszk)]
I<lk|<ml<i<m 2
X %
1
ool
k 0
S| Y X (gna) - (5.18)
I<lk|sml<i<m x 0

In addition, from the fact that, for any [, m € N, 3"yt j<p 2j<i<m Mal € H (RM),
Lemma 3.12(i), and Definition 2.6(i), we deduce that

1

)Lle.k ) %
>y x|l > [

1
I=[k|<m I<i=<m HA®) <tz iizm LBt X p

1
[Z

k o | "

~ X X ()
I<|k|<ml<i<m
X
)

- Z(zle{()eO . (5.19)

I<Ik|<m I<i<m <%
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On the other hand, it follows from Definition 2.4 that, for any [, m € N,

1% _ RN
% o % 9
Z (2k19k) = Z <2k19k\9k+1+2k19k+1)
I<|k|<m [<|k|<m
X - X
_ 1 1%
o |
k 0
1 (2 IQk\Qk-H)
[<|k|<m
- X
Tk
1% k+1 bo |
+(3) || = (a)
I=|k|=m
X
Therefore, as [ — oo, we have
1 1
o | o |
0
> (24) ~1 Y (M1e0a) . (5.20)
[<|k|<m ¥ [<|k|<m ¥
This, combined with (5.18) and (5.19), further implies that, as [ — oo,
k k
D 2 Maj
[<|k|sml<i<m H)‘?(R”)
1 1
2 % 6o %
0
<X X (P00 > (21
I<|k|<m I<i<m <% I<|k|<m R
_ 1
%
k o |
~ Z (2 IQk\9k+1)
I=[k|=m I
1
9
=< ||Sy (f) Z Lo — 0.
[<|k|<m ¥

Thus, (5.17) holds true and so (5.16) does in Case 1.
Case2i € {1,..., I}withsome I € N.Inthiscase, toshow (5.16),by Lemma5.12,
it suffices to prove that

1
lim Z Z,\ﬁ.‘aﬁ =0. (5.21)

[—o00 1<Ik<m izl
<lk|zm i= H)‘?(R”)
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Indeed, by a proof similar to that of (5.17), it is easy to show that (5.21) also holds
true. This finishes the proof of (5.16) in Case 2 and hence (5.16).
Step (II) In this step, we prove that

f=Y iafinS (R"). (5.22)

keZ i
To this end, for any x € R”, let
oy =) hi) = ZZ/ (f * ¥ (¢x(x — y) dy dm(t)
keZ i keZ i

in &’ (R"), where, for any k € Z and i, By ; is the same as in (5.14). Then, to show
(5.22), it suffices to prove that

f=FfinSR"). (5.23)

To this end, by the above assertion (i) and (5.13), we find that, for any given g €
(max{pog, 1}, o0) and for any k € Z, i, and x € R",

hi(x) = lim / / (f % ) (MPe(x — y)
N—o0 Jo R~

x 1 sy, t)dydm(t
UQcQ§,QerQ(y )y dm (1)

[L(Q)I=N
n(N)
= lim / (f =y (W (x — y)p (v, 1) dy dm(t) (5.24)
N—o0 y(N) R~

holds true in L7 (R") and also in &’ (R"), where, forany N € N, y(N) := b“N+”+1
and n(N) := b~ vW+D+utl For the convenience of symbols, we rewrite f as, for
any x € R”,

fooy=Y / (f # ¥ i (x — y)dy dm(p),
teN R®

where {R(®)} ¢y is an arbitrary permutation of { By.i }
let

rez.i- Forany L € Nandx € R”,

L
HOESIOEDY /R U HEVDWIS = y) dy dm ).
=1
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Then, from (5.14), (5.15), and (5.24), it follows that, for any L € N and x € R",

- n(N)
fio=fim [ ] 00— s g0 dydmo
9] y n =
n(N)
im0 = O dydm)
oo y n =
n(N)
= gim [ G 00 = D, o0 dydm)
— 00 y n =L+

(5.25)

holds true in S” (R").
Note that H ;? (R™) is continuously embedded into S’ (R") (Lemma 5.12). Thus, to
prove (5.23), we only need to show that

”J’FL“H?(RU — 0 as L — oo. (5.26)

To do this, we borrow some ideas from the proof of the atomic characterization of
H)? (R™) (see the proof of [84, Theorem 4.3]). Indeed, for any ¢ € (0, 1), L € N, and
x € R, let

e [ _
V= | /R 0= D

{=L+1

ro Yy, ) dydm(t),

where o := b~UT2@+D Then, by the Lebesgue dominated convergence theorem, we
find that, forany ¢ € (0, 1), L € N, and x € R",

0 aje
fi) (x) = > / /Rn(f * ) (V) (x — ) gy (v, 1) dy dm(1)

t=L+1"¢

=: Z h,(f)(x)

{=L+1

in &’ (R"). Moreover, by some arguments similar to those used in the proofs of asser-
tions (i) and (i) in the proof of the sufficiency of [57, Theorem 3.4(i)] with some slight
modifications, we conclude that, forany ¢ € (0, 1), g € (max{py, 1}, o0), L € N, and
£ eNN[L+1,00), hf) is a multiple of an anisotropic (X, g, d)-atom, that is, there
exists a sequence {A¢}reNn(L+1,000 C [0, 00) and a sequence {af) JeeNN(L+1,00) OF
anisotropic (X, g, d)-atoms supported, respectively, in {B(e)}geNm(L_H’oo) C B such
that, forany £ € NN[L + 1, 00), hf) = kgaég), where, forany £ € NN[L+1, 00), Ag
and B® are independent of ¢. Therefore, for any ¢ € (0, 1), L € N, and x € R",

o
7@ =3 mal () inS (R) (5.27)
{=L+1
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o0 60 ) 1/0
ael o
3 [M] < . (5.28)
i Llpolix

X

and

On the other hand, for any given

Noenn || (L1} 2|,
— — 00
0 6o InX_ ’ ’

let M]%O denote the anisotropic radial grand maximal function in Definition 5.1 with
N replaced by Ny. Then, by the just proved conclusion that, for any ¢ € (0, 1)

and L € N, {aés)}geNn(LH)oo) is a sequence of anisotropic (X, ¢, d)-atoms and [84,
Lemma 4.7], we find that, forany £ € NN [L + 1, c0) and x € R",

(M (150) 0],
(5.29)

0 (¢ (
S, (azs)) (x) < MY, <a€€)> (DL yrpo (x) + olx

where 8 = (111]“;’7 +d+ 1) hl‘n—)‘b‘ > %. Moreover, since ¢ > 1, then, from the

boundedness of M on L7 (R") (see [63, Lemma 3.3(ii)]), we deduce that, for any
ee€(0,1),LeN,and? e NN[L + 1, 00),

|BO|1/q

S ”M (aé8)> 1,50

MY (a(8)>1 3 10) L —
H No \"¢ ) ZATB g (mry L@y~ gollx

which, combined with Lemma 5.14, further implies that

o0 6o 1/90
P 0 (e)
g 3 [t (7)o

{=L+1 X

o0 0o 1/90
< {Z [M} } . (5.30)
X

£ Mg llx
=L 11

In addition, let ¢ := y(N) with N € NN [L%*IJ + 1, 00). Then, by (5.25), we
obtain, for any x € R”,

M, (fL) @) = MY, ( Jim. J?Zyuv))) -

= sup sup| lim fL(V(N))

9eSy (R") keZ

* @ (x)

N—o0

<liminf sup sup ‘fL(V(N)) * @k(x)‘

N—=00 ,eSy(R") keZ
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— hm mf MN0 ( NW(N”)

From this, [4, p. 12, Proposition 3.10], (5.27), and (5.29), it follows that, forany L € N,

| 720 g oy < |tim inf 123, ( }y(m))

X

(V(N))
}anlgof E AMNO
=L+1

IA

X

o N
l}vnl)lgof Z MMO ( (v ))> 1,50
(=L+1

A

X
0

Ae

+ - -
14z g llx

(M (150)]

{=L+1 X

This, together with (5.30), Lemma 3.8, Definition 2.4(ii), Assumption 2.10, and 8 >
%, further implies that, for any L € N,

1

o | %
HfL HHA(R,,) < hmlnf{ Z [k MNO ( (V(N))> 1Ar3(z>] 0}

{=L+1 X
- Ly
A
A 2 e iy
oo Mpollx o

1
00 ) %
| > [pde
~ A Mo llx
= X

By this and (5.28), we conclude that (5.26) holds true, which completes the proof of
(5.23) and hence (5.22).

Step (IIT) By (5.22), [84, Theorem 4.3], and some arguments similar to those used
in the estimations of both (5.18) and (5.20), we conclude that

0 g ey ~ ZZ[H k”XTO i [ZZ( ") }

keZ i keZ i X
% %
Ao || 70 0o |70
k k
<SIE (Mgi0,) = [Z (210) }
keZ i x% kel X
T .
~ 2(2 IQk\Qk-H) < Sy (D | Do,
keZ X keZ X
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=[Sy Hllx»

which further implies that f € H }’? (R™) and (5.12) holds true. This finishes the proof
the sufficiency and hence Theorem 5.4. O

Now, we establish the anisotropic Littlewood—Paley g-function characterization of
H)’? (R™). Recall that, for any given dilation A, ¢ € S(R"),t € (0,00),and j € Z
and for any f € &' (R"), the anisotropic Peetre maximal function (d);f f); is defined
by setting, for any x € R”,

e M@ )
O = e P T+ bl Y

and the g-function associated with (¢;‘f ) is defined by setting, for any x € R",

1/2

geN =1 [ (47), @]

JEZ

To prove Theorem 5.5, we need the following estimate which is just [61, Lemma 3.6]
originated from [80, (2.66)].

Lemma 5.15 Let ¢ be the radial function in Lemma 5.2. Then, for any given Ny € N
and y € (0, 00), there exists a positive constant C(y,.y), depending only on Ny and
y, such that, for any t € (0, Ng),l € Z, f € S'(R"), and x € R”,

* y o AN y 1kt [d—k+1) * fFODIT
[(¢l f)z (x)] = C(No,l/) ];b b ~/R” 1+ bl,o(x — dy

We now prove Theorem 5.5.

Proof of Theorem 5.5 First, let f € Hj (R"). Then, by Lemma 5.13, we find that
f vanishes weakly at infinity. In addition, repeating the proof of the necessity of
Theorem 5.4 with some slight modifications, we easily find that g(f) € X and
le(Hlx < ”f”H;(‘(R")' Thus, to prove the present theorem, by Theorem 5.4, we
only need to show that, for any f € S'(R") satisfying that f vanishes weakly at
infinity and g(f) € X,

IS(HIx < llg(Nllx (5.31)

holds true. Notice that, for any f € S’(R") vanishing weakly at infinity, any 7 €
(0, 00), and almost every x € R", S(f)(x) < g:.«(f)(x). Thus, to show (5.31), it
suffices to prove that, for any f € S’(R") vanishing weakly at infinity,

lgrx(Hlx S e Ix (5.32)

holds true for some ¢t € (1/r, 0o) with r the same as in (5.4). Now, we show (5.32).
To this end, assume that ¢ € S (R”") is the radial function in Lemma 5.2. Obviously,
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t € (1/ry, oo) implies that there exists a 6y € (0, r4) such that r € (1/6p, 00). Fix an
No € (1/6p, o0). By this, Lemma 5.15, and the Minkowski inequality, we find that,
for any x € R",

gx(H@ =1 "[(#5 1), (x>]2}

keZ
- 293
r+
<> Zb—jNor+bj+k/ |(¢—(ijrk>*f)(y)lr+d
~ _ Ir.
iz | iz, re [14+565p(x — y)]"+
< Z p—J WNor+—1)
JELy
1
a ([ 1@gwrpor 13|
) [ZM IR } |
= re [1+0%p(x — y)]
which further implies that
o —i(Nors—
leesH]™ S| Y b/ NoreD
JELy
2 = %
2% . 4 ol I
% sz {/ |(¢7(142k) *f)(y);| dy} +
= re [1405p( — )7 N
X7
< 3 priore=bi | § §0 brv
j€Z+ keZ
y / n Z b‘””/
{yeRm: p(-—y)<b=k} ieZy {yeRm: bi—k=1<p(-—y)<bi—k}
r+ 1160
2172
r+
X |(¢—iji * F) D] dy:|
X7F

< 3 piore=Dto Zb% 3 bt

JjE€Zy keZ ieN
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0o

Nk

2

x |:/ (D) * F) D] in|
{yeR": p(-—y)<b=*}

Then, from the Minkowski inequality again and Assumption 2.10, we further infer
that

e
XTF

”gt*(f) ”;;90 < Z p—J WNor+—=1)bo

> {5

JjE€Zy ieN keZ
205 %
r+ +
x [/ [(P—(jny * [) )] dy}
{yeR": p(-—y)<b=*} N
X+
< Z p—J Nory- =10
JELy
T
i 2
x Zb(l—tr+)z {Z [M (|¢—(j+k) % f|r+)]r+ }
ieN keZ Xé
< Z p—J Nor+—1)to Zb(l—tr+)i90
j€Z+ ieN
+ 1%
2]
X {Z [l¢—G+w * £ ] }
keZ Xé

~llg(HIFe.

This further implies that (5.32) holds true and hence finishes the proof of Theorem 5.5.
O

Remark 5.16 (i) If A := 2 I,,,, then Theorems 5.4, 5.5, and 5.6 were obtained in
[16, Theorems 4.9, 4.11, and 4.13] (see also [69, Theorem 3.21] and [82, Theorem
2.10]).

(i) As was mentioned in Remark 3.17(ii), although (R”, p, dx) is a space of homo-
geneous type, Theorems 5.4, 5.5, and 5.6 can not be deduced from [86, Theorems
4.11, 5.1, and 5.3] and, actually, they can not cover each other.

6 Carleson measure characterization of £§ 1.d.66 (M)

9 1oy
In this section, applying the results obtained in previous sections, we establish the
Carleson measure characterization of the anisotropic ball Campanato-type function
space £§ 1.d (R™). To this end, we first introduce the following anisotropic X-

Carleson measure.
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Definition 6.1 Let A be a dilation, X a ball quasi-Banach function space, and s €
(0, 00). A Borel measure d u on R” x Z is called an anisotropic X -Carleson measure if

-1

A m s %
ldwllsy?’ = su |: :| ;
Hilx P Z Mol 17
= X
m 1
|B<1)|2 2
<) { _ldp(x, 0|
BU

= Mpillx

< 00,

where the supremum is taken over all m € N, {B(j)}’" C B, and {}; }’" 1 € (0, 00),

and, forany j € {1, ..., m}, BU) denotes the tent over B\, that is,
BU) = |(y, k) eR"x7Z: y+ B C B(j)} . 6.1)

For the anisotropic X-Carleson measure, we have the following equivalent charac-
terization.

Proposition 6.2 Let A be a dilation, X a ball quasi-Banach function space, d i a Borel
measure on R" x 7, s € (0, 00), and

1
)\" s s
“dM”)A(J = sup {Z |:—l:| 13(1‘)}
ieN X

”13(1) ”X

N | 1
kj|B(/)|2[ i|2
X - du(x, k ,
> { : - ldu(x, )

, 1z llx
jeN

where the supremum is taken over all { B\ }jen C Band{Aj}jen C (0, 00) satisfying

1
)\‘i S N
{Z |:|—i| 13(1‘)} € (O, OO)

; Mg llx
ieN X

A,s A,s
Then |ldplly” = lldull}".

Proof Let du be a Borel measure on R” x Z. Obviously, ||d/L||‘)4("Y < ||d,u||§’s. We
next show

Idplly® < ldully” . 6.2)
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Indeed, for any {B(j)}jeN C Band {Aj}jen C (0, 00) the same as in the present
proposition, by Definition 2.4(iii), we find that

11
m s 5 m ARG 1 1
| BUS }
o 0 e [ dp . k) q
e {E[HIB“)”X} ? } ; 1 lix L/BOD

X
—1 |

1
A s s )L-|B(j)|% 2
Z[ul i ] 13“)} 2 Tt [JLW 'd“(x’k)'}
N BOIX ¥ jeN BWIIX BU

Therefore, for any ¢ € (0, 00), there exists an m( € N such that Z'I"il Aj #0and
—1
1

e s 5 )L~|B(j)|% 2
Z |: T i| 150 Z—] |: _ |d,u(x,k)|i|
N X e j BU)

p Mgollx < Mpolix

Y-

1

1 -1
mo . s 5 mg ] ) 1
A i | BU ;
Z[ [ ] Lo | DT | L bl e
i=1 ' — Npallx L/Bo
- .

1ga llx

A,s
< lldully’ +e.

Combining this, the arbitrariness of both {B(j )} jeN C Band {A;};jen C (0, 00) asin
the present proposition, and ¢ € (0, co), we further obtain (6.2) and hence complete
the proof of Proposition 6.2. O

In what follows, for any given k € Z, define

1 when j =k,

(/) = {o when j £ k.

Next, we state the main theorem of this section as follows.

Theorem 6.3 Let A, X, d, and 6y be the same as in Theorem 3.15, py € (0o, 2), and
¢ € S(R") be a radial real-valued function satisfying (5.1) and (5.2).

G) Ifh € [’?(,l,dﬂo(Rn)’ then, for any (x,k) € R" x Z, du(x, k) := ZEGZ |pe *
h(x)|2dx 8¢ (k) is an X—Carleson measure on R" x 7Z; moreover, there exists a
positive constant C, independent of h, such that

90<
Il g™ < Cllkllgy |, oy

Gi) If h € LIOC(R”) and, for any (x,k) € R" x Z, du(x,k) = )Y ;o7 |de *
h(x)|?dx 8;(k) is an X—Carleson measure on R" x Z, then h € ﬁ?(,l,dﬁo(Rn)
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and, moreover, there exists a positive constant C, independent of h, such that

A6y

Villg,,, o < C ldly

X,1.d,

Remark 6.4 (i) Note that, if X is a concave ball quasi-Banach function space, then,
by Proposition 3.9, Theorem 6.3 gives the Carleson measure characterization of
LYy @R,

(i) If A := 2 I,x,, then Theorem 6.3 was obtained in [89, Theorem 5.3].

To prove Theorem 6.3, we need the anisotropic tent space associated with ball quasi-
Banach function space and its atomic decomposition. We first recall the following
concept.

Definition 6.5 Let A be a dilation and, for any x € R", let
F'(x):={(y,k) eR"xZ: yex+ B},

which is called the cone of aperture 1 with vertex x € R”.
Leta € (0, 00). For any measurable function F : R"” x Z — C and x € R", define

2
|F(y, e>|2dy} ,

o (F)(x) := [Z bt /

ez (YeR": (y,0€ T (1))

where I'(x) is the same as in Definition 6.5. A measurable function F on R” x Z is
said to belong to the anisotropic tent space TzA’p (R™ x Z), with p € (0, 00), if

”FHTZA’})(R"XZ) = ||d(F)”LP(]R") < Q.

For any given ball quasi-Banach function space X, the anisotropic X-tent space

T)? (R" x Z) is defined to be the set of all the measurable functions F on R” x Z such that

&/ (F) € X and naturally equipped with the quasi-norm || F || TARIxZ) = l.e? (F)||x.
We next give the definition of anisotropic (T, p)-atoms.

Definition 6.6 Let p € (1, 00), A be a dilation, and X a ball quasi-Banach function
space. A measurable function a : R" x Z — C is called an anisotropic (Tx, p)-atom
if there exists a ball B C B such that

(i) suppa = {(x,k) e R" X Z: a(x,k) #0} C §, where B is the same as in 6.1)
with BY) replaced by B.
Qi) Nlall oz < 1BIVP /1181 x.

Moreover, if a is an anisotropic (T, p)-atom for any p € (1, 00), then a is called an
anisotropic (Tx, 0o)-atom.

We have the following atomic decomposition on the anisotropic X-tent space
TER" x 7).
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Lemma 6.7 Let A, X, and 6y be the same as in Definition 3.10and F : R" x Z — C
a measurable function. If F € T)‘? (R"™ x Z), then there exists a sequence {);}jecn C
[0, 00), a sequence {B(j)}jeN C B, and a sequence {A} jen of anisotropic (Tx, 00)-

atoms supported, respectively, in{B ()} jen such that, for almost every (x, k) € R" XZ,

Fx k) =) xjAj(x. k). [Fx. k)| =Y 2jlAj(x. k)l

JjeN jeN
pointwisely, and

1

o

A 0o
> <—’) 150) S IFll7p e xzy: (6.3)

, Mg llx
jeN
X

where the implicit positive constant is independent of F.

Proof For any j € Z, let
0= {x eR": A(F)(x) > 2f} ,

Fj:= (Oj)c, and, for any given y € (0, 1),
(0)); ={x eR": M(1p,)(x) > 1 —y}.
Then, by an argument similar to that used in the proof of [28, (1.14)], we find that
supp F' C U (61)\; UE |,
JEZ

where E C R" x Z satisfies that

> / dy = 0.
vez YR (v,0)€E}

Moreover, applying [28, (1.15)], we conclude that forany j € Z, there exists an integer

Nj e NU (oo}, (x}17 | € (0)%, and {})", C Z such that {x\” + B(’)}k | has
the finite intersection property and

(01, =U [+ + 5]

[xf” +Bl(1j)] U {[ () +B(;>] \ [x§ i) +Bl(|j)]} U--.
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U [xm u)]\ U [ (])+Bl(ij):|
Nj
— B (6.4)
k=1

Notice that, forany j € Z, {B j,k},]j:" | are mutually disjoint. Thus, @ = UIZCV:’ lﬁ;\k
Forany j € Zand k € {1,..., N;}, let

-1
Cjk=BjrN [(Oj);i \ (0j+1);;:|, Aj =271 H lxk(j)+31(kj) .

Flc,,, (65)

and Aj y := 27 ||1X15'i>+31(j) |l x. Therefore, from (6.4), it follows that
k

N; N
F=) % huxAju and [FI=3 % hjklAji
JELZ k=1 JjeZ k=1

almost everywhere on R"” x Z. We now show that, for any j ¢ j€Zandk €{l,...,N,},

A k is an anisotropic (TZ, oo)-atom supported in x(j ) 4 B(] ) up to a harmless con-
stant multiple. Obviously,

suppAjx C Cjx C Bjk Cx,ij)—i—B(]).

In addition, let p € (1,00) and h € TZA’pl (R" x Z) satisty ”h||TA”"(R"
Notice that ’

xZ)Sl

—— C
CixCOp; = |J rom.

C
xe(0j41),,

Applying this, [28, Lemma 1.3], the Holder inequality, and (6.5), we find that

A b)) = Z/ Aj k(3. DRy, D1c, (v, 0) dy
LeZ
< A0y, OB, 0)] dy ()
g/@,@eu_ st r()| ! |

T
(0;:1)° [Z {yeR": (v, el (x))

b~ Ak (y. O(y, 0)] dy] dx
LeZ
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<[ () Wt dx
(0)+1)

L
7

1
< A (Ajr) (0] dx / [ (h)(x)]” dx}p
!/(Ojﬂ)c[ (43 @] } {(OHI)E
-1
|

X ”h ” TZAvI’/(Rn x7Z)

<27/ Hl (/)+B</>

/ | LA (F) ()17 dx}
(x,E”+B}k”)m(oj+1)C

) L
- | xg +Blk | P

~ 9
||IXZ”+Bz(,f) llx

which, combined with (757 (R" x Z))* = T;"" (R" x Z) (see [22, Theorem 2]),
further implies that

i, L
|x(])+Bl(k])|p

Aj .
” J-k H TP (R xZ) ~ Hlx,((j)—i-Bl(j) lx
k

Using this, we find that, for any j € Z and k € {1, ..., N;}, Aj is an anisotropic
(T)?, p)-atom up to a harmless constant multiple for any p € (1, co). Thus, for any
J €Zandk € {1,...,N;}, Aj is an anisotropic (TA, oo)-atom up to a harmless
constant multiple.

We next prove (6.3). To achieve this, from (6.4), the finite intersection property of

1
{x(j) + B(/)}k 1> the estimate that 1(¢, 05 S [M(loj)]%, and Assumption 2.10, we
deduce that

o %
ZZ 1., i
X' +B
i Lo o lx ) B(/)llx KBy
X
1
q6p o
= ZZ |:2 1 50 B“)
JEZ k=1 ¥
1 1
. 6o % . 1 6o %
< J x < J ) [P
SHEProp]') | =S mea] ]
JEZ X JEZL x%
% %
. 6o 0 . 6o 0
S Z<2J10/> - Z(ZJIOJ\OHI)
JEZ ¥ JEZ ¥
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1

)

< |ZF) | Y 10,10, = 1/ (F)lx = I Fllpp@oxz)-
JEZ ¥

This further implies that (6.3) holds true and hence finishes the proof of Lemma 6.7.
O

We now prove Theorem 6.3.

Proof of Theorem 6.3 We first show (i). To this end, let h € £% X 1.d.60 (R") and {x; +
By }m | C Bwithm e N, {x/}] | CR", and {/; }m | CZ. Then we easily find that,
for any jell,...,m},

_ pd d d
h = ij*+Bz_/h + (h - ij""Blj h) lxj+Bl_,v+r + (h - Px,'+Bljh> l(xj-',-Ble)C
. () (2) (3)
_.hj +hj —}—hj , (6.6)
where t is the same as in (2.5). Let j € {I,...,m}. For h;l), by the fact that

fR,, ¢ (x)x*dx = 0 for any a € Z'} with |a| < d, we conclude that, for any k € Z,
1 _
br * hj = 0 and hence

/ ’qbk « h! )(x)‘ dx =0, 6.7)
{xeR": (x, k)ex +31

For h;z), from the Tonelli theorem and the boundedness on L2(R") of the following
anisotropic g-function

1

2 2
g = [Z | }

keZ

(see, for instance, [39, Theorem 6.3]), we infer that

‘¢k «h @ )(x)‘ dx

ke, /{;d&” (x, k)exJJrB/ }

2 2
< [ SloerP el as< |27, .,
! keZ
=/ )h(x) Pd g h(x)( dx
Xj+Bl; e

5/ ‘h(x) Pein, .. h(x)’ dx
Xj+Bl4r

+/
X_/+B/j+r

P ) = P, h(x)( dx. 6.8)
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In addition, using Lemma 3.14, we obtain, for any x € x; + By, 4,

d
Pd g ) = P ()|
d d
ij+Bl +t (h - ij+Bl,h> (x)‘
1

S — h) - h)| dy.
|Xj + B[j| xj+Bi4e ‘ x +Bl i+t

Thus, combining this with (6.8), Lemma 4.2, and Definition 2.4(ii), we find that, for
any m € N, {x; +B;} ' | C B with both {x/} ', C R*"and {/; } ' | C Z, and
{&;}i= € (0, 00),

—1
1
m )»j|x]' +B[j|2

1
m Ao o
1x-+B.
Z (”1x,+31 ||x) R Z

i=1 j=1 ||1x.,'+31j ”X
X

1

2
X E / ‘qﬁk*h(z)(x)‘ dx
keZ {xeR": (x, k)ex/+Bg

1
m )\' 90 %
i
solI2 () n
=\ Mxi+8,4. l1x

X

m .

> a [

j:1 Xj+Blj+r

1
+ — 1 / ‘h(x) x +B[ +r h(x)‘ dx}
|x +Blj|7 Xj+B1; e

11
m ) o
< Z 1x-+B
.
~ Quawww ) B

1

h(x) — HBHh(x)) dx]

X
1

Mk + B2 2
« 30 Ml Byel? / ho =P, neo[ dx
Xj+Bij+c

Syt lx

1
+ —1/ hee) - P2 B heo| dx
|xj + Bi;|2 Jxj+Br4e

<lhlgy,,, @n+Whlcy,,, o
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where
T G V1m0, ) lx
Ji = T
||{Zi=1(m) lei+Bli }90 IIx
and, forany j € {1, ..., m},
1
J(j) _ ||1Xj+Bl/-+r Il x )»j|x]' + Blj+f|2
||1Xj+31j ”X ||1xj~+sz+, ”X
This, combined with pg € (6p, 2) and Corollary 3.16, further implies that
1 =1
[ % 1
m )Li 0 0 m )\j|xj+Blj|7
2\ L, D T
i—1 ||1xi+B1,. ”X ! =1 ||1x‘,-+sz ”X
X
1
2
X Z/ "Pk «h? )(x)‘ dx
ke {xeR": (x, k)ex,+B, }
<
< ol L4100 B (6.9)
Finally, we deal with 4" To do this, letting s € (0,6p) and & & (b5 12
dlnl(n)‘;r)], 00), we have, forany j € {1,...,m} and (x, k) € xj/—l—\sz,
ki
3 b€ Inb
o0 < [ i |h0) = P, )] dy
(xj+Blj+r)B [bk + p(x — y)]H'S Tnb
InA
bé‘kW
~ [ o 1) — P2 )| dy
(xj+Blj+r)E [bk + p(xj — y)]l""‘8 Inb J

Inx_

Ini_
bk Tp beli lnb

- Ini_
b%wﬂéﬁ%w”wu yW“mb

Ina_

bk b / beli lnb
~ T Tl Inj_ Inj_
bdj Tnb (X'+Bl.+,)c bl/(]+€7lnb ) + [,O()C/ _ y)]l+€W

x [h) = P g, )| dy.

i |h0) = P, )| dy
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From this and Theorem 4.1, it follows that, for any m € N, {x; + By, }’" | C B with
both{xj}m ; C R" and {/; }m | C Z,and {A; } ' | C(0,00),

-
o 7 1
i+By;
P ||1x,+Bl IIx S

. =1 ||1xj+Blj ”X

1

2
Z/ ‘gbk*ho)(x)‘ dx
xeR™:(x, k)GXJ-‘rB] }
1 -1
m o ) m
Ajlxj + By |
< 148 At s
Z(nmg, ||x> e ;
X

= RLLTRN M P

4 U () — P {5, hCO)

Inx_
——k
x Z b~ / na_ e dx
k=—00 (

xj+B o) pli0+eTE )y 4 [p(xj — )" Fe s

< ~
~ |Ih||£§181,d,90 (R™) “h”‘c?(,l.dﬁo (Rm)-

Combining this, (6.6), (6.7), and (6.9), we conclude that

1 —1
[ ) 1
m 0 ( m )»J'|xj+Blj|7
> g || 3B
- ||1x,+3, Ix s, lx
X
1
2
X Z/ ek h(x)]* dx
keZ, {xeR”:(x,k)exj+B/j}
S hlleg g

which, together with the arbitrariness of m € N, {x; + By, } ' | C B with both
{x]}jl , € R" and {/; }’” | C Z, and {A; } | C(0,00), further 1mp11es that, for any
(x, k) e R" x Z,

dp(x, k) := |y * h(x)* dx

is an X—Carleson measure on R" x Z. Moreover, there exists a positive constant C,
independent of b, such that ||du |’y 4.60 < |\&|| ct, NEDE This finishes the proof of (i).

We now prove (ii). To this end, let f € H }? ﬁ;) d 0" (R™) with the quasi-norm greater

than zero. Then f € L°°(R") with compact support. From this, the assumption that
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he leoc (R™), and [28, (2.10)], it follows that

~

‘ / fOh(x) dx
Rn

Z/R b * f(X)Px * h(x)dx|. (6.10)

keZ

In addition, by the assumption that f € H }‘? (R") and Theorem 5.4, we find that

15 fllzg @nxzy ~ 1S gy < 00,

which, combined with Lemma 6.7, further implies that there exists a sequence
{Aj}jen C (0, 00) and a sequence {A} jen of anisotropic (T4, 0o)-atoms supported,

respectively, in {xj/—i—\Blj} jen with {x; + By;}jen C B such that, for almost every
(x, k) e R" x Z,

Bk f(X) =D AjA;(x, k)
jeN
and

N 6o )
o 2 () | | e
X

1,.
om M8, I

From this, (6.10), the Holder inequality, the size condition of A, and the Tonelli

theorem, we infer that, for any f € H ?’Efl’d(R”),

FOR(x) dx
Rn

N ZZ)‘J' /n |Aj (e b | Ik * h(x)| dx

keZ jeN R

<34 [Z A R) dx:|2

jeN  Lkez 7/ xeR":(.bex;j+By)

1
2

x Z/ e h@)l dx
keZ {xeR":(x,k)ex_;+B[j}

=) "% Zb*k/ |4, (x, b dx/ dy
keZ {xeR": (x,k)el'(y)} {yeR": yex+ By}

jeN

=

1

2
<2 k@ dx
ke, {xeR”:(x,k)exj-+Blj}
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1

2
Z/ b h ()P dx
xeR™: (x, k)ex +B[ }

keZ

- Z)‘ ||A ||T2A2(R”><Z)|:

jeN
1

»jlxj + Byyl2

2
< k()] dx
Z ;45 1l x |:Z /xeR" (r.k)ex;+Br,)

5 ”f”H;(\(Rn)”dN”X’ ,

which, together with Theorem 3.15, Proposition 6.2, and Corollary 3.16, further
implies that

h o < ld || A%
Vhlley oy < il

This finishes the proof of (ii) and hence Theorem 6.3. O

7 Several applications

In this section, we apply Theorems 3.15,4.1,4.3,5.4,5.5,5.6, and 6.3 as well as Corol-
lary 3.16 to seven concrete examples of ball quasi-Banach function spaces, namely
Morrey spaces (see Sect. 7.1 below), Orlicz-slice spaces (see Sect. 7.2 below), Lorentz
spaces (see Sect. 7.3 below), variable Lebesgue spaces (see Sect. 7.4 below), mixed-
norm Lebesgue spaces (see Sect. 7.5 below), weighted Lebesgue spaces (see Sect. 7.6
below), and Orlicz spaces (see Sect. 7.7 below).

7.1 Morrey spaces

Recall that the classical Morrey space Mé’ R") with 0 < g < p < oo, originally
introduced by Morrey [66] in 1938, plays a fundamental role in harmonic analysis and
partial differential equations. From then on, various variants of Morrey spaces over
different underlying spaces have been investigated and developed (see, for instance,
[17,71]).

Definition 7.1 Let A be a dilation and 0 < g < p < oo. The anisotropic Morrey
space M P A (R") is defined to be the set of all the measurable functions f on R" such
that

11
1/ g7 ey 3= sup [1BIZ 71 fllacw) | < oc,
4 BeB
where B is the same as in (2.4).

It is easy to show that M, P _A(R") is a ball quasi-Banach function space. From this
and [84, Remark 8.4], we deduce that M P A(R”) satisfies both Assumptions 2.10
and 2.12 with X := M(f’A(R”), p— € (0, q], o € (0, p), and py € (p, 00), where
p = min{p_, 1}. In what follows, we always let HM 5’ 4 (R") be the anisotropic
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Hardy-Morrey space which is defined to be the same as in Definition 3.1 with
X = M;’A(R”). Then, applying Theorems 5.4, 5.5, and 5.6, we obtain the following

characterizations of HM ; A(R”), respectively, in terms of the anisotropic Lusin area
function, the anisotropic Littlewood—Paley g-function, and the anisotropic Littlewood—
Paley g5-function.

Theorem 7.2 Let A be a dilation and 0 < q < p < oo. Then Theorems 5.4, 5.5,
and 5.6 with X = M;”A(R") and ) € (2/min{1, g}, 0o) hold true.

Remark 7.3 (i) We point out that Theorem 7.2 is completely new.

(ii)) However, Theorems 3.15, 4.1, 4.3, and 6.3 as well as Corollary 3.16 can not be
applied to the anisotropic Morrey space M ;’ 4 (R") because M 5, 4 (R™) does not
have an absolutely continuous quasi-norm.

7.2 Orlicz-Slice spaces

Recently, Zhang et al. [92] originally introduced the Orlicz-slice space on R”, which
generalizes both the slice space in [2] and the Wiener-amalgam space in [25]. They
also introduced the Orlicz-slice (local) Hardy spaces and developed a complete real-
variable theory of these spaces in [91, 92]. For more studies about Orlicz-slice spaces,
we refer the reader to [37, 38].

Recall that a function @ : [0, c0) — [0, co) is called an Orlicz function if it is
non-decreasing, ®(0) = 0, ®(¢) > 0 for any ¢ € (0, 00), and lim;_, o, () = o0.
The function & is said to be of upper (resp. lower) type p for some p € [0, co) if
there exists a positive constant C such that, for any s € [1, co) (resp. s € [0, 1]) and
t € [0, 00), ®(st) < CsPd(t). The Orlicz space L® (R") is defined to be the set of
all the measurable functions f on R” such that

I fllLe@n) = inf {A € (0, 00) : / D <|f;x)|) dx < 1} < 0.

Definition 7.4 Let A be a dilation, £ € Z, g € (0, 00), and ® be an Orlicz function.
The anisotropic Orlicz-slice space (EZ,)@ 4 (R™) is defined to be the set of all the
measurable functions f on R” such that

1
. 1
I/ LetB Nl Lo @ !
1162 :=/ S dx b < oo,
Fola ) Jon | s Lo

where By is the same as in (2.3).

Let A be a dilation, £ € Z, g € (0, 00), and ® be an Orlicz function with pos-
itive lower type p4 and positive upper type p;f. Then, by the arguments similar to
those used in the proofs of [92, Lemmas 2.28 and 4.5], we find that (EZ))(,A (R™)is a
ball quasi-Banach function space and has an absolutely continuous quasi-norm. From
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these and [84, Remark 8.14], we deduce that (E )e.a(R™) satisfies both Assump-
tions 2.10 and 2.12 with X : (E Ye,aA(R™), p— € (0, min{py, q}], 6y € (0, p),
and pg € (max{p$ g}, 00), where p := min{p_, 1}. In what follows, we always
let (HEY )¢, A(R™) denote the anisotropic Orlicz-slice Hardy space which is defined
to be the same as in Definition 3.1 with X : (E )e.a(R™). Moreover, by Theo-
rems 3.15,4.1,4.3,5.4,5.5, 5.6, and 6.3 as well as Corollary 3.16 with X replaced by
(E )e.a(R™), we obtain the following conclusion.

Theorem 7.5 Let A be a dilation, £ € Z, g € (0, 00), and ® be an Orlicz function
with positive lower type py,. Then

(1) Theorems 3.15,4.1,4.3, and 6.3 as well as Corollary 3.16 with X := (E )e.a(R™)
hold true;
(i1) Theorems 5.4,5.5, and 5.6 with X : (E )e.A(R™) and 1 € (mm—

, 00) also
Po .q}
hold true.

Remark 7.6 We point out that Theorem 7.5 is completely new.

7.3 Lorentz spaces

Let p € (0, o0] and g € (0, oo]. Recall that the Lorentz space LP-9(R") is defined to
be the set of all the measurable functions f on R” with the following finite quasi-norm

1
[g/ {l%f*(t)}q g}q if g € (0, 00),
Ifllzra@n == LPJo % t
sup [tﬂf*(t)] if g = o0

te(0,00)

with the usual modification made when p = oo, where f* denotes the non-increasing
rearrangement of f, thatis, for any ¢ € (0, 00),

FH@0) = {a € (0,00) : df(e) <1}

withdy(a) :=|{x e R" : | f(x)| > a}| for any a € (0, 00).

Then, by [85, Remarks 2.7(ii), 4.21(ii), and 6.8(iv)], we conclude that L”9(R")
satisfies all the assumptions of Definition 3.1 with X := LP9(R"), p_ € (0, p],
6o € (0, p), and py € (p, 00), where p := min{p_, 1}, and that L?-7(R") has an
absolutely continuous quasi-norm. In what follows, we always let H /’; “1(R") be the
anisotropic Hardy—Lorentz space which is defined to be the same as in Definition 3.1
with X := LP9(R"). By Theorems 3.15, 4.1, 4.3, 5.4, 5.5, 5.6, and 6.3 as well as
Corollary 3.16 with X replaced by L”9(R"), we obtain the following conclusion.

Theorem 7.7 Let A be a dilation, p € (0, 00), and g € (0, 0o]. Then

(1) Theorems 3.15, 4.1, 4.3, and 6.3 as well as Corollary 3.16 with X := LP-1(R")
hold true;
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(ii) Theorems 5.4, 5.5, and 5.6 with X := LP9(R") and » € (2/ min{l, p}, 0o) also
hold true.

Remark 7.8 Let p(-) € C'°¢(R") and g € (0, 00), where C'°2(R") is the same as in
Sect. 7.4 below. We point out that Theorem 7.7(i) is a special case of [59, Theorems
1 and 2] with p(-) = p € (0, co) therein and that Theorem 7.7(ii) improves the
corresponding results in [64, Theorems 2.7, 2.8, and 2.9] by widening the range of
p € (0,1]into p € (0, o). Although the variable Hardy—Lorentz space L4 (R")
is also a ball quasi-Banach function space, [59, Theorems 1 and 2] can not be deduced
from Theorems 3.15 and 6.3. This is because the boundedness of the powered Hardy—
Littlewood maximal operator on the associate space of L” -4 (R") is still unknown,
which makes it impossible to verify Assumption 2.12 with X := LP")-4(R").

7.4 Variable Lebesgue spaces
Denote by P(R") the set of all the measurable functions p(-) on R” satisfying

0 < p~ :=essinf p(x) < esssup p(x) =: py < o0. (7.1)
xeR? xeRn

For any p(-) € P(R"), the variable Lebesgue space LP)(R") is defined to be the set
of all the measurable functions f on R” such that

/ | f(0)[P® dx < oo,
Rn

equipped with the quasi-norm || f || p¢) gny defined by setting

p(x)
”f”Lp(‘)(R") = inf {)\, € (0, OO) : / [|f§\‘x”} dx < 1} .

Denote by C1°2(RR") the set of all the functions p(-) € P(R") satisfying the globally
log-Hélder continuous condition, that s, there exist Clog(p), Coo € (0, 00) and p, €
R such that, for any x, y € R",

_ Clog(p)
lp(x) = pI = ey yT—
and c
|p(x) — poc| < >

log(e + p(x))’

Let p(-) € C'°¢(R"). Then, by [85, Remarks 2.7(iv), 4.21(v), and 6.8(vii)], we
conclude that LPO)(R") satisfies all the assumptions of Definition 3.1 with X :=
LPO@RM), p_ := p,0p € (O,E), and pg € (py, oo], where p_ and p7 are the same
as in (7.1) and p := min{l, p_}, and that LPO(R™) has an absolutely continuous
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quasi-norm. In what follows, we always let H f (')(R") be the anisotropic variable
Hardy space which is defined to be the same as in Definition 3.1 with X := LPO(R").
Moreover, by Theorems 3.15,4.1,4.3,5.4,5.5, 5.6, and 6.3 as well as Corollary 3.16
with X replaced by LP©) (R"), we obtain the following conclusion.

Theorem 7.9 Let A be a dilation and p(-) € C'°¢(R™). Then

(i) Theorems 3.15, 4.1, 4.3, and 6.3 as well as Corollary 3.16 with X := LP©)(R")
hold true;

(ii) Theorems5.4,5.5, and 5.6 with X := LPO (R™) and A € (2/ min{1, p_}, o0) also
hold true, where p_ is the same as in (7.1).

Remark 7.10 We point out that Theorem 7.9(i) was also obtained in [40, Theorems 1,
2, and 3, and Corollary 1] and Theorem 7.9(ii) improves the corresponding results in
[60, Theorems 6.1, 6.2, and 6.3] by widening the range of A € (14+2/ min{2, p_}, 00)
into A € (2/ min{1, p_}, 00).

7.5 Mixed-norm Lebesgue spaces

Letp := (p1, ..., pn) € (0, 0o]". Recall that the mixed-norm Lebesgue space LP(R")
is defined to be the set of all the measurable functions f on R” such that

)2} b3 n

o 7
”f”Lﬁ(Rn) = /%...[/%{/IRM(M"H’X")'M dxl} 1 dx2:| <o dxy,

is finite with the usual modifications made when p; = oo for some i € {1, ..., n}.
Let p € (0, oo]”_. Then, by both [90, p.2047] and [39, Lemmas 3.2 and 4.4],
we conclude that L”(R") satisfies all the assumptions of Definition 3.1 with X :=
Lﬁ(R”), p_ = p_, 6y € (0, E), and py € (0y, 00), where p— := min{py, ..., p,}
and ’pj := min{l, p_}, and that LP (R™) has an absolutely continuous quasi-norm.
In what follows, we always let H If (R™) be the anisotropic mixed-norm Hardy space
which is defined to be the same as in Definition 3.1 with X := L? (R™). Moreover,

by Theorems §.15, 4.1,4.3,54,5.5, 5.6, and 6.3 as well as Corollary 3.16 with X
replaced by L”(R"), we obtain the following conclusion.

Theorem 7.11 Let A be a dilation and p € (0, 00)". Then
(1) Theorems 3.15, 4.1, 4.3, and 6.3 as well as Corollary 3.16 with X := Lﬁ(R”) hold

true;
(ii) Theorems 5.4, 5.5, and 5.6 with X := LP?(R") and A € (2/ min{l1, p_}, 00) also
hold true, where p— := min{p, ..., pu}.

Remark 7.12 (i) We point out that Theorem 7.11(i) was also obtained in [41, The-
orems 3.4, 4.1, and 5.3 and Corollary 3.9] and Theorem 7.11(ii) improves the
corresponding results in [39, Theorems 6.2, 6.3, and 6.4] by widening the range
of A € (1 +2/min{2, p_}, 0o) into A € (2/ min{1, p_}, 00).
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(ii) Leta := (ay, ..., a,) € [1, 00]". Then Theorem 7.11(i) with

2910 0
0 2% 0
A= .
0 0 204n

gives the dual space of the anisotropic mixed-norm Hardy space Haﬁ (R™) which
was introduced in [19, Definition 3.3] and completely answers the open problem
on the dual space of Hap (R™) proposed in [19].

7.6 Weighted Lebesgue spaces

Letp € (0, cc]and w € Ay (A). From [85, Remarks 2.7(iii), 4.21(iii), and 6.8(v)], we
deduce that L%, (R") satisfies all the assumptions of Definition 3.1 with X := L% (R"),
p— € (0, p/quw], 6o € (0, min{l, p_}), and p € (6y, 00), where g, is the same as in
(5.10), and that L%, (R") has an absolutely continuous quasi-norm. In what follows, we
always let HJ (R") be the anisotropic weighted Hardy space which is defined to be the
same as in Definition 3.1 with X := L5 (R"). By Theorems 3.15,4.1,4.3,5.4,5.5,5.6,
and 6.3 as well as Corollary 3.16 with X replaced by LY, (R"), we obtain the following
conclusion.

Theorem 7.13 Let A be a dilation, p € (0, 00), and w € Ax(A). Then

(i) Theorems 3.15, 4.1, 4.3, and 6.3 as well as Corollary 3.16 with X := L5, (R")
hold true;

(ii) Theorems 5.4, 5.5, and 5.6 with X := LY (R") and » € (2/min{l, qy,/p}, 00)
also hold true, where q, is the same as in (5.10).

Remark 7.14 We point out that Theorem 7.13(i) is completely new and Theo-
rem 7.13(ii) improves the corresponding results in [49, Theorems 2.14, 3.1, and 3.9]
by widening the range of p € (0, 1] into p € (0, 00).

7.7 Orlicz spaces

Let @ be an Orlicz function with positive lower type pg and positive upper type
P From [85, Remarks 2.7(iii), 4.21(iv), and 6.8(vi)], we deduce that L (R") sat-
isfies all the assumptions of Definition 3.1 with X := L®(R"), p— € (0, pgl,
6o € (0, min{pg, 1}), and py € (max{pg, 1}, 00), and that L® (R") has an absolutely
continuous quasi-norm. In what follows, we always let Hf (R™) be the anisotropic
Orlicz—Hardy space which is defined to be the same as in Definition 3.1 with
X = Lq’(R”). Moreover, by Theorems 3.15, 4.1,4.3,5.4,5.5, 5.6, and 6.3 as well as
Corollary 3.16 with X replaced by L®(R"), we obtain the following conclusion.

Theorem 7.15 Let A be a dilation and ® an Orlicz function with lower type pg, €
(0, 00). Then
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(1) Theorems 3.15, 4.1, 4.3, and 6.3 as well as Corollary 3.16 with X := L‘P(R”)
hold true;

(ii) Theorems 5.4, 5.5, and 5.6 with X := L®(R") and ) € (2/ min{l, Dg},» 00) also
hold true.

Remark7.16 We point out that Theorem 7.15(i) is completely new and Theo-
rem 7.15(ii) improves the corresponding results in [49, Theorems 2.14, 3.1, and 3.9]
by widening the range of pg, € (0, 1] into py, € (0, 00).

Acknowledgements The authors would like to thank both referees for their very carefully reading and
many valuable remarks which definitely improve the quality of this article.

Author Contributions All authors developed and discussed the results and contributed to the final
manuscript.

Data availability Data sharing is not applicable to this article as no data sets were generated or analysed.

Declarations

Conflict of interest All authors state no conflict of interest.

Informed consent Informed consent has been obtained from all individuals included in this research work.

References

1. Almeida, V., Betancor, J.J., Rodriguez-Mesa, L.: Anisotropic Hardy—Lorentz spaces with variable
exponents. Can. J. Math. 69, 1219-1273 (2017)
2. Auscher, P., Mourgoglou, M.: Representation and uniqueness for boundary value elliptic problems via
first order systems. Rev. Mat. Iberoam. 35, 241-315 (2019)
3. Bennett, C., Sharpley, R.: Interpolation of Operators. Pure Appl. Math., vol. 129. Academic Press,
Boston (1988)
4. Bownik, M.: Anisotropic Hardy spaces and wavelets. Mem. Am. Math. Soc. 164(781), vi+122 (2003)
5. Bownik, M.: Duality and interpolation of anisotropic Triebel-Lizorkin spaces. Math. Z. 259, 131-169
(2008)
6. Bownik, M., Ho, K.-P.: Atomic and molecular decompositions of anisotropic Triebel-Lizorkin spaces.
Trans. Am. Math. Soc. 358, 14691510 (2006)
7. Bownik, M., Li, B., Yang, D., Zhou, Y.: Weighted anisotropic Hardy spaces and their applications in
boundedness of sublinear operators. Indiana Univ. Math. J. 57, 3065-3100 (2008)
8. Bownik, M., Li, B., Yang, D., Zhou, Y.: Weighted anisotropic product Hardy spaces and boundedness
of sublinear operators. Math. Nachr. 283, 392-442 (2010)
9. Bui, T.A., Duong, X.-T., Ly, F.K.: Maximal function characterizations for new local Hardy-type spaces
on spaces of homogeneous type. Trans. Am. Math. Soc. 370, 7229-7292 (2018)
10. Bui, T.A., Duong, X.-T., Ly, FK.: Maximal function characterizations for Hardy spaces on spaces of
homogeneous type with finite measure and applications. J. Funct. Anal. 278, 108423, 1-55 (2020)
11. Bui, T.A., Li, J.: Orlicz-Hardy spaces associated to operators satisfying bounded Hs, functional
calculus and Davies—Gaffney estimates. J. Math. Anal. Appl. 373, 485-501 (2011)
12. Calder6n, A.-P.: An atomic decomposition of distributions in parabolic H? spaces. Adv. Math. 25,
216-225 (1977)
13. Calder6n, A.-P., Torchinsky, A.: Parabolic maximal functions associated with a distribution. Adv. Math.
16, 1-64 (1975)
14. Calderén, A.-P., Torchinsky, A.: Parabolic maximal functions associated with a distribution. II. Adv.
Math. 24, 101-171 (1977)
15. Campanato, S.: Proprieti una famiglia di spazi funzionali. Ann. Scuola Norm. Sup. Pisa (3) 18, 137-160
(1964)



Anisotropic ball Campanato-type function spaces and... Page 69 of 71 50

16.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.
30.

31.

32.

33.

34.

35.

36.
37.

38.

39.

40.

41.

42.

43.

Chang, D.-C., Wang, S., Yang, D., Zhang, Y.: Littlewood-Paley characterizations of Hardy-type spaces
associated with ball quasi-Banach function spaces. Complex Anal. Oper. Theory 14, 40, 1-33 (2020)

. Chou, J., Li, X., Tong, Y., Lin, H.: Generalized weighted Morrey spaces on RD-spaces. Rocky Mt. J.

Math. 50, 1277-1293 (2020)

. Christ, M.: A T (b) theorem with remarks on analytic capacity and the Cauchy integral. Colloq. Math.

60, 601-628 (1990)

Cleanthous, G., Georgiadis, A.G., Nielsen, M.: Anisotropic mixed-norm Hardy spaces. J. Geom. Anal.
27, 2758-2787 (2017)

Cleanthous, G., Georgiadis, A.G., Nielsen, M.: Molecular decomposition of anisotropic homogeneous
mixed-norm spaces with applications to the boundedness of operators. Appl. Comput. Harmon. Anal.
47, 447-480 (2019)

Cleanthous, G., Georgiadis, A.G., Porcu, E.: Oracle inequalities and upper bounds for kernel density
estimators on manifolds and more general metric spaces. J. Nonparametr. Stat. 34, 734-757 (2022)
Coifman, R.R., Meyer, Y., Stein, E.IM.: Some new function spaces and their applications to harmonic
analysis. J. Funct. Anal. 62, 304-335 (1985)

Coifman, R.R., Weiss, G.: Analyse Harmonique Non-Commutative sur Certains Espaces Homogenes.
(French) FEtude de Certaines Intégrales Singulieres. Lecture Notes in Math, vol. 242. Springer-Verlag,
Berlin—New York (1971)

Cruz-Uribe, D., Martell, J.M., Pérez, C.: Weights, Extrapolation and the Theory of Rubio de Francia.
Operator Theory: Advances and Applications, vol. 215. Birkhduser/Springer Basel AG, Basel (2011)
de Paul Ablé, Z.V., Feuto, J.: Atomic decomposition of Hardy-amalgam spaces. J. Math. Anal. Appl.
455, 1899-1936 (2017)

del Campo, R., Fernandez, A., Mayoral, F., Naranjo, E.: Orlicz spaces associated to a quasi-Banach
function space: applications to vector measures and interpolation. Collect. Math. 72, 481-499 (2021)
Duren, PL., Romberg, B.W., Shields, A.L.: Linear functionals on H? spaces with 0<p<1. J. Reine
Angew. Math. 238, 32-60 (1969)

Fan, X., Li, B.: Anisotropic tent spaces of Musielak—Orlicz type and their applications. Adv. Math.
(China) 45, 233-251 (2016)

Fefferman, C., Stein, E.M.: H” spaces of several variables. Acta Math. 129, 137-193 (1972)
Folland, G.B.: Real Analysis, Modern Techniques and Their Applications. Pure and Applied Mathe-
matics (New York), 2nd edn. Wiley, New York (1999)

Folland, G.B., Stein, E.M.: Hardy Spaces on Homogeneous Groups. Mathematical Notes, vol. 28.
Princeton University Press, Princeton (1982)

Georgiadis, A.G., Kyriazis, G., Petrushev, P.: Product Besov and Triebel-Lizorkin spaces with appli-
cation to nonlinear approximation. Constr. Approx. 53, 39-83 (2021)

Georgiadis, A.G., Nielsen, M.: Spectral multipliers on spaces of distributions associated with non-
negative self-adjoint operators. J. Approx. Theory 234, 1-19 (2018)

Grafakos, L.: Classical Fourier Analysis. Graduate Texts in Mathematics, vol. 249, 3rd edn. Springer,
New York (2014)

He, Z., Han, Y., Li, J., Liu, L., Yang, D., Yuan, W.: A complete real-variable theory of Hardy spaces
on spaces of homogeneous type. J. Fourier Anal. Appl. 25, 2197-2267 (2019)

Ho, K.-P.: Frames associated with expansive matrix dilations. Collect. Math. 54, 217-254 (2003)
Ho, K.-P.: Operators on Orlicz-slice spaces and Orlicz-slice Hardy spaces. J. Math. Anal. Appl. 503,
125279, 1-18 (2021)

Ho, K.-P.: Fractional integral operators on Orlicz slice Hardy spaces. Fract. Calc. Appl. Anal. 25,
12941305 (2022)

Huang, L., Liu, J., Yang, D., Yuan, W.: Real-variable characterizations of new anisotropic mixed-norm
Hardy spaces. Commun. Pure Appl. Anal. 19, 3033-3082 (2020)

Huang, L., Wang, X.: Anisotropic variable Campanato-type spaces and their Carleson measure char-
acterizations. Fract. Calc. Appl. Anal. 25, 1131-1165 (2022)

Huang, L., Yang, D., Yuan, W.: Anisotropic mixed-norm Campanato-type spaces with applications to
duals of anisotropic mixed-norm Hardy spaces. Banach J. Math. Anal. 15, 62, 1-36 (2021)

Hytonen, T., Pérez, C., Rela, E.: Sharp reverse Holder property for Ano weights on spaces of homo-
geneous type. J. Funct. Anal. 263, 3883-3899 (2012)

Izuki, M., Noi, T., Sawano, Y.: The John-Nirenberg inequality in ball Banach function spaces and
application to characterization of BMO. J. Inequal. Appl. 2019, 268, 1-11 (2019)



50

Page 70 of 71 C.Lietal

44.

45.

46.

47.

48.

49.

50.

S1.

52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

66.

67.

68.

69.

Izuki, M., Sawano, Y.: Characterization of BMO via ball Banach function spaces. Vestn. St. Peterbg.
Univ. Mat. Mekh. Astron. 4(62), 78-86 (2017)

Jia, H., Tao, J., Yang, D., Yuan, W., Zhang, Y.: Boundedness of Calderén—Zygmund operators on
special John—Nirenberg—Campanato and Hardy-type spaces via congruent cubes. Anal. Math. Phys.
12, 118, 1-35 (2022)

Johnson, R., Neugebauer, C.J.: Homeomorphisms preserving A p- Rev. Mat. Iberoam. 3, 249-273
(1987)

Li, B., Bownik, M., Yang, D.: Littlewood—Paley characterization and duality of weighted anisotropic
product Hardy spaces. J. Funct. Anal. 266, 2611-2661 (2014)

Li, B, Fan, X., Fu, Z., Yang, D.: Molecular characterization of anisotropic Musielak—Orlicz Hardy
spaces and their applications. Acta Math. Sin. (Engl. Ser.) 32, 1391-1414 (2016)

Li, B, Fan, X., Yang, D.: Littlewood—Paley theory of anisotropic Hardy spaces of Musielak—Orlicz
type. Taiwan. J. Math. 19, 279-314 (2015)

Li, B., Yang, D., Yuan, W.: Anisotropic Hardy spaces of Musielak—Orlicz type with applications to
boundedness of sublinear operators. Sci. World J. 306214, 1-19 (2014). https://doi.org/10.1155/2014/
306214

Li, C., Yan, X., Yang, D.: Fourier transform of anisotropic Hardy spaces associated with ball quasi-
Banach function spaces and its applications to Hardy-Littlewood inequalities, Submitted

Li, J.: Atomic decomposition of weighted Triebel-Lizorkin spaces on spaces of homogeneous type. J.
Aust. Math. Soc. 89, 255-275 (2010)

Li, J., Song, L., Tan, C.: Various characterizations of product Hardy space. Proc. Am. Math. Soc. 139,
4385-4400 (2011)

Li, J., Ward, L.A.: Singular integrals on Carleson measure spaces CMO?” on product spaces of homo-
geneous type. Proc. Am. Math. Soc. 141, 2767-2782 (2013)

Liang, Y., Huang, J., Yang, D.: New real-variable characterizations of Musielak—Orlicz Hardy spaces.
J. Math. Anal. Appl. 395, 413-428 (2012)

Liu, J.: Molecular characterizations of variable anisotropic Hardy spaces with applications to bound-
edness of Calderén-Zygmund operators. Banach J. Math. Anal. 15, 1-24 (2021)

Liu, J., Haroske, D.D., Yang, D.: A survey on some anisotropic Hardy-type function spaces. Anal.
Theory Appl. 36, 373-456 (2020)

Liu, J., Haroske, D.D., Yang, D., Yuan, W.: Dual spaces and wavelet characterizations of anisotropic
Musielak-Orlicz Hardy spaces. Appl. Comput. Math. 19, 106-131 (2020)

Liu, J., Lu, Y., Huang, L.: Dual spaces of anisotropic variable Hardy—Lorentz spaces and their appli-
cations. Fract. Calc. Appl. Anal. 26, 913-942 (2023)

Liu, J., Weisz, F., Yang, D., Yuan, W.: Variable anisotropic Hardy spaces and their applications. Taiwan.
J. Math. 22, 1173-1216 (2018)

Liu, J., Weisz, F, Yang, D., Yuan, W.: Littlewood—Paley and finite atomic characterizations of
anisotropic variable Hardy—Lorentz spaces and their applications. J. Fourier Anal. Appl. 25, 874—
922 (2019)

Liu, J., Yang, D., Yuan, W.: Anisotropic Hardy—Lorentz spaces and their applications. Sci. China Math.
59, 1669-1720 (2016)

Liu, J., Yang, D., Yuan, W.: Anisotropic variable Hardy—Lorentz spaces and their real interpolation. J.
Math. Anal. Appl. 456, 356-393 (2017)

Liu, J., Yang, D., Yuan, W.: Littlewood-Paley characterizations of anisotropic Hardy—Lorentz spaces.
Acta Math. Sci. Ser. B (Engl. Ed.) 38, 1-33 (2018)

Liu, J., Yang, D., Zhang, M.: Sharp bilinear decomposition for products of both anisotropic Hardy
spaces and their dual spaces with its applications to endpoint boundedness of commutators. Sci. China
Math. (2023). https://doi.org/10.1007/s11425-023-2153-y

Morrey, C.B.: On the solutions of quasi-linear elliptic partial differential equations. Trans. Am. Math.
Soc. 43, 126-166 (1938)

Miiller, S.: Hardy space methods for nonlinear partial differential equations. Tatra Mt. Math. Publ. 4,
159-168 (1994)

Sawano, Y.: Theory of Besov Spaces. Developments in Mathematics, vol. 56. Springer, Singapore
(2018)

Sawano, Y., Ho, K.-P,, Yang, D., Yang, S.: Hardy spaces for ball quasi-Banach function spaces. Dis-
sertationes Math. 525, 1-102 (2017)


https://doi.org/10.1155/2014/306214
https://doi.org/10.1155/2014/306214
https://doi.org/10.1007/s11425-023-2153-y

Anisotropic ball Campanato-type function spaces and... Page 71 of 71 50

70. Sawano, Y., Kobayashi, K.: A remark on the atomic decomposition in Hardy spaces based on the
convexification of ball Banach spaces. In: Potentials and Partial Differential Equations. Adv. Anal.
Geom., vol. 8, pp. 157-177. De Gruyter, Berlin (2023)

71. Sawano, Y., Tanaka, H.: Predual spaces of Morrey spaces with non-doubling measures. Tokyo J. Math.
32, 471-486 (2009)

72. Sawano, Y., Tanaka, H.: The Fatou property of block spaces. J. Math. Sci. Univ. Tokyo 22, 663-683
(2015)

73. Schmeisser, H.-J., Triebel, H.: Topics in Fourier Analysis and Function Spaces. John Wiley & Sons
Ltd, Chichester (1987)

74. Sun,J., Yang, D., Yuan, W.: Weak Hardy spaces associated with ball quasi-Banach function spaces on
spaces of homogeneous type: decompositions, real interpolation, and Calderén—Zygmund operators.
J. Geom. Anal. 32, 191, 1-85 (2022)

75. Taibleson, M.H., Weiss, G.: The molecular characterization of certain Hardy spaces. In: Representation
theorems for Hardy spaces. Astérisque, Soc. Math. France, Paris, vol. 77, pp. 67-149 (1980)

76. Tan, C., Li, J.: Littlewood—Paley theory on metric spaces with non doubling measures and its applica-
tions. Sci. China Math. 58, 983-1004 (2015)

77. Tao,J., Yang, D., Yuan, W., Zhang, Y.: Compactness characterizations of commutators on ball Banach
function spaces. Potential Anal. 58, 645-679 (2023)

78. Triebel, H.: Theory of Function Spaces. Birkhéduser Verlag, Basel (1983)

79. Triebel, H.: Theory of Function Spaces. II. Birkhduser Verlag, Basel (1992)

80. Ullrich, T.: Continuous characterization of Besov—Lizorkin—Triebel space and new interpretations as
coorbits. J. Funct. Spaces Appl. 2012, 163213, 1-47 (2012)

81. Walsh, T.: The dual of H”(R’fﬁl) for p<1. Can. J. Math. 25, 567-577 (1973)

82. Wang, F, Yang, D., Yang, S.: Applications of Hardy spaces associated with ball quasi-Banach function
spaces. Results Math. 75, 26, 1-58 (2020)

83. Wang, S., Yang, D., Yuan, W., Zhang, Y.: Weak Hardy-type spaces associated with ball quasi-Banach
function spaces II: Littlewood—Paley characterizations and real interpolation. J. Geom. Anal. 31, 631—
696 (2021)

84. Wang, Z., Yan, X., Yang, D.: Anisotropic Hardy spaces associated with ball quasi-Banach function
spaces and their applications. Kyoto J. Math. (to appear)

85. Yan, X., He, Z., Yang, D., Yuan, W.: Hardy spaces associated with ball quasi-Banach function spaces
on spaces of homogeneous type: characterizations of maximal functions, decompositions, and dual
spaces. Math. Nachr. (2023). https://doi.org/10.1002/mana.202100432

86. Yan, X., He, Z., Yang, D., Yuan, W.: Hardy spaces associated with ball quasi-Banach function spaces
on spaces of homogeneous type: Littlewood—Paley characterizations with applications to boundedness
of Calderén—Zygmund operators. Acta Math. Sin. (Engl. Ser.) 38, 1133-1184 (2022)

87. Yan, X., Yang, D., Yuan, W.: Intrinsic square function characterizations of Hardy spaces associated
with ball quasi-Banach function spaces. Front. Math. China 15, 769-806 (2020)

88. Yan, X., Yang, D., Yuan, W.: Intrinsic square function characterizations of several Hardy-type spaces:
a survey. Anal. Theory Appl. 37, 426464 (2021)

89. Zhang, Y., Huang, L., Yang, D., Yuan, W.: New ball Campanato-type function spaces and their appli-
cations. J. Geom. Anal. 32, 99, 1-42 (2022)

90. Zhang, Y., Wang, S., Yang, D., Yuan, W.: Weak Hardy-type spaces associated with ball quasi-Banach
function spaces I: decompositions with applications to boundedness of Calderén—Zygmund operators.
Sci. China Math. 64, 2007-2064 (2021)

91. Zhang, Y., Yang, D., Yuan, W.: Real-variable characterizations of local Orlicz-slice Hardy spaces with
application to bilinear decompositions. Commun. Contemp. Math. 24, 2150004, 1-35 (2022)

92. Zhang, Y., Yang, D., Yuan, W., Wang, S.: Real-variable characterizations of Orlicz-slice Hardy spaces.
Anal. Appl. (Singap.) 17, 597-664 (2019)

Publisher’'s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under
a publishing agreement with the author(s) or other rightsholder(s); author self-archiving of the accepted
manuscript version of this article is solely governed by the terms of such publishing agreement and applicable
law.


https://doi.org/10.1002/mana.202100432

	Anisotropic ball Campanato-type function spaces and their applications
	Abstract
	1 Introduction
	2 Preliminaries
	3 Duality between HXA(mathbbRn) and mathcalLX,q',d,θ0A(mathbbRn)
	4 Equivalent characterizations of mathcalLX,q,d,θ0A(mathbbRn)
	5 Littlewood–Paley function characterizations of HAX(mathbbRn)
	6 Carleson measure characterization of mathcalLX,1,d,θ0A(mathbbRn)
	7 Several applications
	7.1 Morrey spaces
	7.2 Orlicz-Slice spaces
	7.3 Lorentz spaces
	7.4 Variable Lebesgue spaces
	7.5 Mixed-norm Lebesgue spaces
	7.6 Weighted Lebesgue spaces
	7.7 Orlicz spaces

	Acknowledgements
	References


